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Naïve Gaussian Elimination

A method to solve simultaneous linear 
equations of the form [𝐴𝐴][𝑋𝑋] = [𝐶𝐶]

Two parts
1. Forward Elimination
2. Back Substitution



Forward Elimination

25 5 1
64 8 1

144 12 1

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

=
106.8
177.2
279.2

The goal of forward elimination part is to transform the 
coefficient matrix into an upper triangular matrix

25 5 1
0 −4.8 −1.56
0 0 0.7

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

=
106.8
−96.21
0.735



Forward Elimination

A set of 𝑛𝑛 equations and 𝑛𝑛 unknowns
𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + 𝑎𝑎13𝑥𝑥3+. . . +𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1

𝑎𝑎21𝑥𝑥1 + 𝑎𝑎22𝑥𝑥2 + 𝑎𝑎23𝑥𝑥3+. . . +𝑎𝑎2𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏2

𝑎𝑎𝑛𝑛𝑛𝑥𝑥1 + 𝑎𝑎𝑛𝑛𝑛𝑥𝑥2 + 𝑎𝑎𝑛𝑛𝑛𝑥𝑥3+. . . +𝑎𝑎𝑛𝑛𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑛𝑛

     .                 .
     .                 .
     .                 .

(𝑛𝑛 − 1) steps of forward elimination



Forward Elimination 
Step 1 of FE
For Equation 2, divide Equation 1 by 𝑎𝑎11and multiply 
by 𝑎𝑎21, that is multiply by 𝑎𝑎21

𝑎𝑎11

𝑎𝑎21
𝑎𝑎11

(𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + 𝑎𝑎13𝑥𝑥3+. . . +𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1)

𝑎𝑎21𝑥𝑥1 +
𝑎𝑎21
𝑎𝑎11

𝑎𝑎12𝑥𝑥2+. . . +
𝑎𝑎21
𝑎𝑎11

𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 =
𝑎𝑎21
𝑎𝑎11

𝑏𝑏1



Forward Elimination

𝑎𝑎21𝑥𝑥1 +
𝑎𝑎21
𝑎𝑎11

𝑎𝑎12𝑥𝑥2+. . . +
𝑎𝑎21
𝑎𝑎11

𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 =
𝑎𝑎21
𝑎𝑎11

𝑏𝑏1

0 𝑥𝑥1 + 𝑎𝑎22 −
𝑎𝑎21
𝑎𝑎11

𝑎𝑎12 𝑥𝑥2+. . . + 𝑎𝑎2𝑛𝑛 −
𝑎𝑎21
𝑎𝑎11

𝑎𝑎1𝑛𝑛 𝑥𝑥𝑛𝑛 = 𝑏𝑏2 −
𝑎𝑎21
𝑎𝑎11

𝑏𝑏1

𝑎𝑎22′ 𝑥𝑥2+. . . +𝑎𝑎2𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏2′

𝑎𝑎21𝑥𝑥1 + 𝑎𝑎22𝑥𝑥2 + 𝑎𝑎23𝑥𝑥3+. . . +𝑎𝑎2𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏2

Subtract the result from Equation 2

_________________________________________________



Forward Elimination

Repeat this procedure for the remaining 
equations to reduce the set of equations as

𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + 𝑎𝑎13𝑥𝑥3+. . . +𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1

𝑎𝑎22′ 𝑥𝑥2 + 𝑎𝑎23′ 𝑥𝑥3+. . . +𝑎𝑎2𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏2′

𝑎𝑎32′ 𝑥𝑥2 + 𝑎𝑎33′ 𝑥𝑥3+. . . +𝑎𝑎3𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏3′

𝑎𝑎𝑛𝑛𝑛′ 𝑥𝑥2 + 𝑎𝑎𝑛𝑛𝑛′ 𝑥𝑥3+. . . +𝑎𝑎𝑛𝑛𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑛𝑛′

.                 .  . 
                 .                 .  . 
                 .                 .  . 
           

End of Step 1



Forward Elimination

𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + 𝑎𝑎13𝑥𝑥3+. . . +𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1
𝑎𝑎22′ 𝑥𝑥2 + 𝑎𝑎23′ 𝑥𝑥3+. . . +𝑎𝑎2𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏2′

𝑎𝑎32′ 𝑥𝑥2 + 𝑎𝑎33′ 𝑥𝑥3+. . . +𝑎𝑎3𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏3′

𝑎𝑎𝑛𝑛𝑛′ 𝑥𝑥2 + 𝑎𝑎𝑛𝑛𝑛′ 𝑥𝑥3+. . . +𝑎𝑎𝑛𝑛𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑛𝑛′

.                 .  . 
                 .                 .  . 
                 .                 .  . 
           

𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + 𝑎𝑎13𝑥𝑥3+. . . +𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1
𝑎𝑎22′ 𝑥𝑥2 + 𝑎𝑎23′ 𝑥𝑥3+. . . +𝑎𝑎2𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏2′

𝑎𝑎33′′ 𝑥𝑥3+. . . +𝑎𝑎3𝑛𝑛′′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏3′′

.               .
                            .               .
                            .               .
                    

𝑎𝑎𝑛𝑛𝑛′′ 𝑥𝑥3+. . . +𝑎𝑎𝑛𝑛𝑛𝑛′′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑛𝑛′′

Step 2 of FE
Repeat the same procedure for the Equation 3 and 
beyond by using Equation 2.

End of step 2



Forward Elimination
At the end of (𝑛𝑛 − 1) forward elimination steps, the system of 
equations will look like

𝑎𝑎22′ 𝑥𝑥2 + 𝑎𝑎23′ 𝑥𝑥3+. . . +𝑎𝑎2𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏2′

𝑎𝑎33′′ 𝑥𝑥3+. . . +𝑎𝑎3𝑛𝑛′′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏3′′

𝑎𝑎𝑛𝑛𝑛𝑛
𝑛𝑛−1 𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑛𝑛

(𝑛𝑛−1)

            .             .
                                 .             .
                                 .             .
                                       

𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + 𝑎𝑎13𝑥𝑥3+. . . +𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1

End of step (n-1)



Matrix Form at End of Forward Elimination Part
𝑎𝑎11 𝑎𝑎12 𝑎𝑎13 ⋯ 𝑎𝑎1𝑛𝑛
0 𝑎𝑎22′ 𝑎𝑎23′ ⋯ 𝑎𝑎2𝑛𝑛′

0 0 𝑎𝑎33′′ ⋯ 𝑎𝑎3𝑛𝑛′′
⋮ ⋮ ⋮ ⋯ ⋮
0 0 0 0 𝑎𝑎𝑛𝑛𝑛𝑛

(𝑛𝑛−1)

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
⋮
𝑥𝑥𝑛𝑛

=

𝑏𝑏1
𝑏𝑏2′

𝑏𝑏3′′
⋮

𝑏𝑏𝑛𝑛
(𝑛𝑛−1)

25 5 1
64 8 1

144 12 1

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

=
106.8
177.2
279.2

25 5 1
0 −4.8 −1.56
0 0 0.7

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

=
106.8
−96.21
0.735



Back Substitution

25 5 1
64 8 1

144 12 1

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

=
106.8
177.2
279.2

25 5 1
0 −4.8 −1.56
0 0 0.7

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

=
106.8
−96.21
0.735



Back Substitution Starting Equations

𝑎𝑎22′ 𝑥𝑥2 + 𝑎𝑎23′ 𝑥𝑥3+. . . +𝑎𝑎2𝑛𝑛′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏2′

𝑎𝑎33′′ 𝑥𝑥3+. . . +𝑎𝑎3𝑛𝑛′′ 𝑥𝑥𝑛𝑛 = 𝑏𝑏3′′

𝑎𝑎𝑛𝑛𝑛𝑛
𝑛𝑛−1 𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑛𝑛

(𝑛𝑛−1)

            .             .
                                 .             .
                                 .             .
                                       

𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + 𝑎𝑎13𝑥𝑥3+. . . +𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1



Back Substitution
Start with the last equation because it has only one unknown

𝑥𝑥𝑛𝑛 =
𝑏𝑏𝑛𝑛

(𝑛𝑛−1)

𝑎𝑎𝑛𝑛𝑛𝑛
(𝑛𝑛−1)

𝑎𝑎𝑛𝑛𝑛𝑛
𝑛𝑛−1 𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑛𝑛

(𝑛𝑛−1)



Back Substitution

𝑥𝑥𝑖𝑖 =
𝑏𝑏𝑖𝑖
𝑖𝑖−1 − ∑𝑗𝑗=𝑖𝑖+1𝑛𝑛 𝑎𝑎𝑖𝑖𝑖𝑖

𝑖𝑖−1 𝑥𝑥𝑗𝑗
𝑎𝑎𝑖𝑖𝑖𝑖
𝑖𝑖−1  for 𝑖𝑖 = 𝑛𝑛 − 1, . . . , 1

𝑥𝑥𝑛𝑛 =
𝑏𝑏𝑛𝑛

(𝑛𝑛−1)

𝑎𝑎𝑛𝑛𝑛𝑛
(𝑛𝑛−1)

𝑥𝑥𝑖𝑖 =
𝑏𝑏𝑖𝑖
𝑖𝑖−1 − 𝑎𝑎𝑖𝑖,𝑖𝑖+1

𝑖𝑖−1 𝑥𝑥𝑖𝑖+1 − 𝑎𝑎𝑖𝑖,𝑖𝑖+2
𝑖𝑖−1 𝑥𝑥𝑖𝑖+2−. . .−𝑎𝑎𝑖𝑖,𝑛𝑛

𝑖𝑖−1 𝑥𝑥𝑛𝑛
𝑎𝑎𝑖𝑖𝑖𝑖
𝑖𝑖−1 for 𝑖𝑖 = 𝑛𝑛 − 1, . . . , 1



You are free
 to Share – to copy, distribute, display and perform the work
 to Remix – to make derivative works

under the following conditions
 Attribution — You must attribute the work in the manner 

specified by the author or licensor (but not in any way that 
suggests that they endorse you or your use of the work). 

 Noncommercial — You may not use this work for 
commercial purposes. 

 Share Alike — If you alter, transform, or build upon this 
work, you may distribute the resulting work only under the 
same or similar license to this one. 
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