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What is Interpolation ?

Given (Xo,Yo), (X1,¥1)s - (Xn:Yn), find the
value of 'y’ at a value of X’ that is not given.
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Interpolants

Polynomials are the most common
choice of interpolants because they
are easy to:

mEvaluate
m Differentiate, and
m Integrate.



Lagrangian Interpolation

Lagrangian interpolating polynomial is given by
fn (X) = Z L, (x) f (Xi)
i=0

where ‘n’in f_(x) stands for the n™ order polynomial that approximates the function y = f (x)

given at (n+1) data points as (X,, Y, ), (X, Yy oo (X1, Yoo ) (X, Y, ), and

Li(X):ﬁX. .

= J
J#i

L. (x) is a weighting function that includes a product of (n—1) terms with terms of j =i
omitted.



Example

To maximize a catch of bass in a lake, it is suggested to throw the line to
the depth of the thermocline. The characteristic feature of this area is the
sudden change in temperature. We are given the temperature vs. depth plot
for a lake. Determine the value of the temperature at z = —7.5 using the
Lagragian method for linear interpolation. Depth vs. Temperature
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Linear Interpolation

T(z) = Z L (2)T(z;)
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z, =—8,T(z,)=11.7
2, =—7,T(z,)=17.6



Linear Interpolation (contd)
HORS |

L@ =[] =10

j=0 Zl_zj L, — L,

j#1

270 1(g )4 LR (g = 2 1.7+ 2F8

T(z)=
@) Z,— 7, 72y = T —8+7 —7+38

(17.6), -8<z<-7

T(~7.5)=— 72'35 +77 (11.7) + __7%5:88 (17.6) = 0.5(11.7) + 0.5(17.6)

=14.65°C



Quadratic Interpolation

For the second order polynomial interpolation (also called guadratic interpolation), we

choose the velocity given by
2
v(t) = L (Dv(t,)
i=0

= L, (v(t,) +L, V(L) + L, (v(t,)

3y My /L/'ﬁ_\\\
.
\ rj:z -"_FZ J;I

fa%)

(%o )




Example

To maximize a catch of bass in a lake, it is suggested to throw the line to
the depth of the thermocline. The characteristic feature of this area is the
sudden change in temperature. We are given the temperature vs. depth plot
for a lake. Determine the value of the temperature at z = —7.5 using the
Lagragian method for quadratic interpolation.  peps Temperaure
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Quadratic Interpolation (contd)

7 ==3| T(Zo)= 9.9 are, 8
z, =-8, T(z,)=117

z,=-7, T(z,)=17.6

2 7-1

Lo(z):H L=

j=0
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Quadratic Interpolation (contd)

-2 2 22 22

(-7.5+8)-75+7) (-7.5+9)-7.5+7) (-7.5+9)-7.5+8)
179 = oo O Carorern) 7 Crroy7re) O
=(~0.125)9.9)+(0.75)11.7)+ (0. 375)(17 6)

=14.138°C

The absolute relative approximate error \ea\ obtained between the results from the first and second

order polynomial is

|- 14.138-14.65| ,
2 14138 |

=3.6251%
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Cubic Interpolation

For the third order polynomial (also called cubic interpolation), we choose the
temperature given by

@)= LETE)

= Lo (D)T(2,) + L ()T (2)) + L, ()T (2,) + L (2)T(2,)
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Example

To maximize a catch of bass in a lake, it is suggested to throw the line to
the depth of the thermocline. The characteristic feature of this area is the
sudden change in temperature. We are given the temperature vs. depth plot
for a lake. Determine the value of the temperature at z = —7.5 using the
Lagragian method for cubic interpolation. Depth vs. Temperatre

Temperature Depth ot
T (°C) z (m)
19.1 0
19.1
19
18.8
18.7
18.3
18.2
17.6
11.7
9.9
9.1

o 5 10 15 20 25
Temperature (°C)

Temperature vs. depth of a lake

S B s &
[en]
[&]

[N
o

14



Cubic Interpolation (contd)

z,=-9, T(z,)=9.9 z,=-8, T(z,)=11.7
z,=-6, T(z,)=18.2

3 7—7 .19.19774,
L@ -T] ,- _(z—zll[z—zzJ(z—ng
0 = =
j=0 Zy Zj Zo =23 N\ Zo =23 \ Zo — 13
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L@ =]1.— :( OI Nz, =
j=0 Z Zj Ly —Zg N2y =25 \ 21 — 13 e
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Cubic Interpolation (contd)
S ey s b el el o L BN
(e e

~75+8)-7.5+7)-7.5+ 6)( ) (-7.5+9)-7.5+7)-7.5+6)
(-9+8)(-9+7)-9+6) (-8+9)-8+7)-8+6)
(-7.5+9)-7.5+8)-7.5+6) ~75+9)-7.5+8)(-75+7)

749 -7+8(-7+6) (C6+9)—6+8)-6+7)

T(-7.5)= ( (11.7)

(17.6)+ ( (18.2)

=(~0.0625)9.9)+(0.5625)11.7) +(0.5625)17.6) +(— 0.0625)(18.2)
=14.725°C

The absolute relative approximate error |ea| obtained between the results from the second and

third order polynomial is

.= 14.725-14.138
| 14725 |

= 3.9898%
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Comparison Table

Order o_f 1 5 3
Polynomial
Temperature °C 14.65 14.138 14.725
Absolute Relative | 3 6251 % 3.9898 %

Approximate Error
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Thermocline

What is the value of depth at which the thermoclzine exists?

The position where the thermocline exists is given where d—2 =0
_ (z+8)z+7)z+6) (z+9)z+7)z+6) Z
"= Cora-ari a6 Torox-ar7Nar6) -
(z+9)z+8)z+6) (z+9)z+8)z+7)
My vy s A arawy vy e (e
~ _615.9-262.582 —35.557° ~1.56672°, -9<z<-6

?j—T =262.58-71.1z2-4.72°, -9<7<-6
Z

d°T
dz?
Simply setting this expression equal to zero, we get
0=-71.1-94z, -9<z<-6
Z=-17.5638 m

=—-71.1-9.4z, -9<7<-6




Additional Resources

For all resources on this topic such as digital audiovisual
lectures, primers, textbook chapters, multiple-choice
tests, worksheets in MATLAB, MATHEMATICA, MathCad
and MAPLE, blogs, related physical problems, please
visit

http://numericalmethods.eng.usf.edu/topics/lagrange
method.html



http://numericalmethods.eng.usf.edu/topics/lagrange_method.html�
http://numericalmethods.eng.usf.edu/topics/lagrange_method.html�
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THE END
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