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Chapter 08.00E 
 

Physical Problem for Electrical Engineering 
Ordinary Differential Equations 
 
 
 
 
 
Problem Statement 

Small non-switching power supplies such as AC power bricks are typically built around a 
small transformer, rectifier, and voltage regulator as shown in Figure 1. 
 

AC 120 V

LM78XX

C

 
Figure 1. Full-Wave Rectified DC Power Supply 
 
The transformer is used to reduce the AC voltage levels to a more reasonable range (e.g. 12 
VAC or 18 VAC) and the bridge rectifier will take the negative half cycle of the AC 
waveform and convert it to a positive half cycle.  A typical full-wave rectified waveform is 
shown in Figure 2.  This waveform was generated assuming an ideal diode operating under 
no-load conditions and can be modeled with the following equation: 
   0,4.1cos18max  tV full  

 
For a half-wave rectified system built using only a single diode, the equation would become: 
   0,7.0cos18max  tVhalf  

and the waveform would look similar to Figure 2 except every other hump would be replaced 
with 0. 
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       Figure 2  Full-Wave Rectified AC Signal. 
 
This is clearly not suitable as a DC power source since the load is looking for a constant DC 
value.  This is where the capacitor, C, and the LM78XX voltage regulator of Figure 1 
become important.  A typical voltage regulator requires that the voltage on the input pin 
maintain a certain margin above the regulated output voltage.  This is typically in the range 
of 2.5 to 3 V and for the LM7805, which provides 5 VDC, it is 2.5 V [1].  This means that 
the minimum voltage at the input pin of the LM7805 must not drop below 7.5 V.  Clearly, 
the waveform in Figure 2 does that regularly. 
 
The task of the capacitor, C, in the power supply is to store up charge when the rectifier 
provides voltage in excess of the required minimum and then support the voltage when the 
regulated voltage is below the minimum by providing stored charge to the voltage regulator.  
Thus, the circuit has two distinct phases of operation. 
 
Phase 1 
 When the rectified voltage is above the voltage across the capacitor cV , then the rectifier 

provides current to the capacitor and the voltage regulator, and the capacitor charges.  The 
ideal model of a diode will not be adequate here since we need to know how much current 
the diode can supply.  A better model of the diode can be found from its VI characteristic 
such as the one shown in Figure 3.  A model for this will be developed shortly. 
 
Phase 2 
 When the rectified voltage drops below cV  current ceases to flow between the rectifier 

diodes and the capacitor.  The capacitor then becomes the sole source of current to the 
voltage regulator by bleeding off its charge.  This has the additional effect of continually 
reducing the voltage across the capacitor.  As long as it does not fall below the required 
threshold, the regulator can successfully do its job. 
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    Figure 3  VI Characteristic of a 1N4001 Diode [2]. 
 
Diode Model 
 The diode of Figure 3 must be modeled to account properly for the current it can supply 
during the Phase 1 charging phase of the capacitor.  It is reasonable to model a diode under 
these conditions as a voltage drop and a series resistance.  This essentially treats the Figure 3 
curve as piece-wise linear model and it can only be applied when the diode is on (that is, it 
does not properly model an under-biased or reverse-biased diode) [3, pp. 67-74].  This model 
is shown in Figure 4 and for the 1N4001 of Figure 3 suitable values are 

VVd  0.1 and   02.0dR .  Other diodes will have similar numbers. 

 

DC

Vd Rd

 
          (a)    (b) 
Figure 4  (a) Ideal Diode and (b) Piece-wise Forward Bias Model. 
 
Load Model 
 The final piece to the picture is how to model the load represented by the voltage regulator.  
Rather than get into the details of the internal structure of the voltage regulator it is sufficient 
to model the worst-case scenario when choosing the appropriate capacitor.  This is 
represented by the peak continuous current that the power-supply is expected to provide.  For 
this problem, it will be assumed to be 100 mA. 
 
Circuit Models 
 With the Phase 1 charging, and Phase 2 discharging, circuit models of the power supply 
circuit can now be built.  They are shown in Figure 5.  In both cases, the circuit must provide 
100 mA to the load.  It will be additionally assumed that a transformer will be chosen that 
provides sufficient AC power at 18 VAC running at 60 Hz. 
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                                                (a)                                                   (b)                         
Figure 5  (a)Phase 1 (Charging) and (b) Phase 2 (Discharging) Circuit Models 
 
Analysis 
 The analysis of these two circuits is rather straight-forward once the VI characteristic of the 
capacitor is substituted.  In the time-domain, this is represented by the differential equation 

   
dt

tdv
Cti c

c         subject to initial conditions on cv . 

During the charging of Phase 1, the operative circuit equation is found by writing a 
Kirchoff’s Current Law equation for the node at the top of the capacitor.  Doing this yields 

     
d

cdc

R

tvVt
mA

dt

tdv
C

2

2120cos18
100





 , 

when  
    dc Vttv 2120cos18   . 

During the discharging of Phase 2, the circuit is a bit simpler and the equation is 

      
 

0100  mA
dt

tdv
C c  , 

when  
    dc Vttv 2120cos18   . 

These are essentially the same differential equation it is just that the forcing function has two 
cases that must be monitored as the equation is solved.  Substituting the previously derived 
values for dV and dR  will yield the following equation in standard form. 

 
     




















 
 0,

04.0

2120cos18
max1.0

1 tvt

Cdt

tdv cc


. 

Assuming that the capacitor is initially discharged (i.e.   00 cv ) it is simply a matter of 

trying various standard capacitors (e.g. 100, 150, 220, 330, 470, and 680 F  or other powers 
of 10 [4]) into the equation and simulating it for a few cycles of the AC source.  Pick the 
smallest value where  tvc  never drops below the required 7.5 V. 

 
QUESTIONS 

1. Most capacitors are marked with a tolerance of %20 .  How would your analysis 
handle the case that a F 100 capacitor could be as high as F 120   or as low 
as F 80  ? 
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2. What effect would it have on the differential equation to use a more complex model 
for the diode? 

3. Is it necessary to have a more detailed model of the voltage regulator?  Alternatively, 
is it suitable to model it simply as a maximum current sink? 

4. Modify the model to account for an AC brownout, that is, what would happen if the 
AC power source saw a temporary drop in voltage? 

 
References 

[1] LM340/LM78XX Data Sheet, National Semiconductor, 
http://www.national.com/ds/LM/LM340.pdf, accessed May 11, 2005. 

[2] 1N4001 Data Sheet, Fairchild Semiconductor, 
http://www.fairchildsemi.com/ds/1N/1N4007.pdf, accessed May 12, 2005. 

[3] Malvino, A., Electronic Principles, Sixth Edition, Glencoe McGraw-Hill, 1999. 
[4] Standard Capacitor Values, RF Café, 

http://www.rfcafe.com/references/electrical/capacitor_values.htm, accessed May 12, 
2005. 

 
 

ORDINARY DIFFERENTIAL EQUATIONS  
Topic Ordinary Differential Equations 
Summary A rectifier-based power supply requires a capacitor to store power 

temporarily when the rectified waveform from the AC source drops 
below the target voltage.  To size this capacitor properly, a first-order 
ordinary differential equation must be solved. 

Major Electrical Engineering 
Authors Henry Welch 
Date May 24,2005 
Web Site http://numericalmethods.eng.usf.edu 

 
 


	Chapter 08.00E
	Physical Problem for Electrical Engineering
	Ordinary Differential Equations
	Problem Statement
	QUESTIONS
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /RelativeColorimetric
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 1
  /Optimize false
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check true
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create Adobe PDF documents best suited for Lulu's printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (None)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName ([High Resolution])
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [612.000 792.000]
>> setpagedevice


