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Chapter 07.04

Romberg Rule of Integration

After reading this chapter, you should be able to:

1. derive the Romberg rule of integration, and 

2. use the Romberg rule of integration to solve problems.

What is integration?

Integration is the process of measuring the area under a function plotted on a graph.  Why would we want to integrate a function?  Among the most common examples are finding the velocity of a body from an acceleration function, and displacement of a body from a velocity function.  Throughout many engineering fields, there are (what sometimes seems like) countless applications for integral calculus.  You can read about some of these applications in Chapters 07.00A-07.00G.  

Sometimes, the evaluation of expressions involving these integrals can become daunting, if not indeterminate.  For this reason, a wide variety of numerical methods has been developed to simplify the integral.

Here, we will discuss the Romberg rule of approximating integrals of the form
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	          Figure 1 Integration of a function.


Error in Multiple-Segment Trapezoidal Rule

The true error obtained when using the multiple segment trapezoidal rule with 
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is given by
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where for each 
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for the estimate of 
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Table 1 shows the results obtained for 
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using the multiple-segment trapezoidal rule.

Table 1  Values obtained using multiple segment trapezoidal rule for 
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The true error for the 1-segment trapezoidal rule is 
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This information, although interesting, can also be used to get a better approximation of the integral.  That is the basis of Richardson’s extrapolation formula for integration by the trapezoidal rule.

Richardson’s Extrapolation Formula for Trapezoidal Rule

The true error,
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where 
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 is an approximate constant of proportionality.
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Then from Equations (4) and (5), 


[image: image47.wmf]n

I

TV

n

C

-

»

2








                                     (6)

If the number of segments is doubled from 
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Equations (6) and (7) can be solved simultaneously to get
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Example 1
The vertical distance in meters covered by a rocket from 
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a) Use Romberg’s rule to find the distance covered.  Use the 2-segment and 4-segment trapezoidal rule results given in Table 1.

b) Find the true error for part (a).

c) Find the absolute relative true error for part (a).

Solution

a)
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Using Richardson’s extrapolation formula for the trapezoidal rule, the true value is given by
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b) The exact value of the above integral is
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c) The absolute relative true error, 
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Table 2 shows the Richardson’s extrapolation results using 1, 2, 4, and 8 segments.  Results are compared with those of the trapezoidal rule.

Table 2  Values obtained using Richardson’s extrapolation formula for  the trapezoidal rule for
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Romberg Integration

Romberg integration is the same as Richardson’s extrapolation formula as given by 
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Equation 

.  However, Romberg used a recursive algorithm for the extrapolation as follows.

The estimate of the true error in the trapezoidal rule is given by
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Since the segment width, 
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Equation (2) can be written as
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The estimate of true error is given by
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It can be shown that the exact true error could be written as
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and for small 
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Since we used 
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where the variable 
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 is replaced by 
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Determine another integral value with further halving the step size (doubling the number of segments),
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then


[image: image96.wmf](

)

4

4

2

÷

ø

ö

ç

è

æ

+

»

h

C

I

TV

R

n


From Equation (13) and (14),
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The above equation now has the error of 
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Based on this procedure, a general expression for Romberg integration can be written as
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The index 
[image: image103.wmf]k

 represents the order of extrapolation.  For example,  
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Example 2
The vertical distance in meters covered by a rocket from 
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Use Romberg’s rule to find the distance covered.  Use the 1, 2, 4, and 8-segment trapezoidal rule results as given in Table 1.

Solution

From Table 1, the needed values from the original the trapezoidal rule are
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where the above four values correspond to using 1, 2, 4 and 8 segment trapezoidal rule, respectively.  To get the first order extrapolation values,
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Similarly
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For the second order extrapolation values,


[image: image134.wmf]15

1

,

2

2

,

2

2

,

2

1

,

3

I

I

I

I

-

+

=


      
[image: image135.wmf]15

11065

11062

11062

-

+

=


      
[image: image136.wmf]11062

=


Similarly
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For the third order extrapolation values,
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Table 3 shows these increasingly correct values in a tree graph.

	Table 3  Improved estimates of the value of an integral using Romberg integration.

	

	INTEGRATION

Topic

Romberg Rule

Summary

Textbook notes of Romberg Rule of integration.

Major

General Engineering

Authors

Autar Kaw

Date

June 30, 2009
Web Site

http://numericalmethods.eng.usf.edu

[image: image143]






































Third Order





Second Order





 First Order





8-segment





4-segment





2-segment





1-segment





11061868





11061868





11062868





11061868





1106268





1106568





11074





11113





11266





11868





� EMBED PBrush  ���





















































07.04.1


[image: image144.png]


_1295160961.unknown

_1295161651.unknown

_1307892021.unknown

_1307894423.unknown

_1307894715.unknown

_1307895220.unknown

_1307895245.unknown

_1307894802.unknown

_1307894809.unknown

_1307894823.unknown

_1307894788.unknown

_1307894679.unknown

_1307894691.unknown

_1307894669.unknown

_1307894087.unknown

_1307894223.unknown

_1307894231.unknown

_1307894380.unknown

_1307894105.unknown

_1307892783.unknown

_1307893979.unknown

_1307894061.unknown

_1307892719.unknown

_1295162260.unknown

_1295162836.unknown

_1307891986.unknown

_1295162906.unknown

_1295163766.unknown

_1295163853.unknown

_1295164014.unknown

_1295164069.unknown

_1305462285.unknown

_1295164376.unknown

_1295164030.unknown

_1295163987.unknown

_1295163807.unknown

_1295163836.unknown

_1295163788.unknown

_1295163521.unknown

_1295163605.unknown

_1295162939.unknown

_1295163440.unknown

_1295162858.unknown

_1295162892.unknown

_1295162845.unknown

_1295162416.unknown

_1295162478.unknown

_1295162789.unknown

_1295162464.unknown

_1295162452.unknown

_1295162371.unknown

_1295162389.unknown

_1295162336.unknown

_1295162347.unknown

_1295162280.unknown

_1295161841.unknown

_1295161877.unknown

_1295161900.unknown

_1295162205.unknown

_1295161888.unknown

_1295161864.unknown

_1295161853.unknown

_1295161710.unknown

_1295161814.unknown

_1295161830.unknown

_1295161725.unknown

_1295161661.unknown

_1295161666.unknown

_1295161684.unknown

_1295161654.unknown

_1295161059.unknown

_1295161162.unknown

_1295161209.unknown

_1295161247.unknown

_1295161599.unknown

_1295161638.unknown

_1295161301.unknown

_1295161306.unknown

_1295161279.unknown

_1295161216.unknown

_1295161244.unknown

_1295161213.unknown

_1295161176.unknown

_1295161193.unknown

_1295161171.unknown

_1295161095.unknown

_1295161156.unknown

_1295161159.unknown

_1295161098.unknown

_1295161065.unknown

_1295161090.unknown

_1295161062.unknown

_1295160994.unknown

_1295161031.unknown

_1295161056.unknown

_1295161026.unknown

_1295160968.unknown

_1295160974.unknown

_1295160964.unknown

_1295160474.unknown

_1295160765.unknown

_1295160941.unknown

_1295160953.unknown

_1295160957.unknown

_1295160949.unknown

_1295160784.unknown

_1295160801.unknown

_1295160770.unknown

_1295160516.unknown

_1295160724.unknown

_1295160741.unknown

_1295160544.unknown

_1295160510.unknown

_1295160513.unknown

_1295160506.unknown

_1295160282.unknown

_1295160338.unknown

_1295160357.unknown

_1295160460.unknown

_1295160344.unknown

_1295160289.unknown

_1295160319.unknown

_1295160286.unknown

_1295159919.unknown

_1295160178.unknown

_1295160236.unknown

_1295160162.unknown

_1295159911.unknown

_1295159915.unknown

_1295159907.unknown

_1107119166

