Chapter 08.02
Euler’s Method for Ordinary Differential Equations

After reading this chapter, you should be able to:

develop Euler’s Method for solving ordinary differential equations,
determine how the step size affects the accuracy of a solution,
derive Euler’s formula from Taylor series, and

use Euler’s method to find approximate values of integrals.

el S

What is Euler’s method?

Euler’s method is a numerical technique to solve ordinary differential equations of the form

Z—yzf(x,y),y(o)wo (1)
X

So only first order ordinary differential equations can be solved by using Euler’s method. In
another chapter we will discuss how Euler’s method is used to solve higher order ordinary
differential equations or coupled (simultaneous) differential equations. How does one write a
first order differential equation in the above form?

Example 1

Rewrite
Doy 1.3¢7,1(0)=5
dx

in
b _

d _f(xsy)’ y(O):yo form.
X

Solution

X
In this case
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fley)=13e™ -2y

Example 2
Rewrite
e’ Ll +x’y? =2sin(3x), y(0)=5
dx
n
dy
—= f(x,»), ¥(0) =y, form.
dx
Solution
e’ Ll +x’y? =2sin(3x), y(0)=5
dx
d 2sin(3x) — x*y*
Ay _2smEO XN )5
dx e

In this case

: 2.2
f(x,y): 251n(3);)y—x y

Derivation of Euler’s method

At x =0, we are given the value of y=y,. Letuscall x=0 as x,. Now since we know
the slope of y with respect to x, that is, f (x, y), then at x =x,, the slope is f (xo, yo).
Both x, and y, are known from the initial condition y(xo): V-

A

Yy
True value

i

Predicted
value

<4<
€  Step size, h >
> X

Xy

Figure 1 Graphical interpretation of the first step of Euler’s method.
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So the slope at x = x, as shown in Figure 1 is

Slope = Rise
Run
_N 7N
X1 = Xo
= f(xo’yo)
From here

Y1 =DXo +f(xoayo)(x1 _xo)
Calling x, —x, the step size i, we get

Y1 =y0+f(x0,y0)h (2)
One can now use the value of y, (an approximate value of y at x =x,) to calculate y,, and
that would be the predicted value at x, , given by

Ya =0 +f(x1,y1)h

X, =x,+h
Based on the above equations, if we now know the value of y =y, at x,, then

Vi =yi+f(xi’yi)h 3)
This formula is known as Euler’s method and is illustrated graphically in Figure 2. In some
books, it is also called the Euler-Cauchy method.

A

y

True Value

vi+1, Predicted value

Vi <
«— ) ——»

Step size

v

Xi Xit+1

Figure 2 General graphical interpretation of Euler’s method.
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Example 3

A solid steel shaft at room temperature of 27 °C is needed to be contracted so that it can be
shrunk-fit into a hollow hub. It is placed in a refrigerated chamber that is maintained at

—33 °C. The rate of change of temperature of the solid shaft 8 is given by

de [—3.69x107°0* +233x107°6% +135x1070>

== =-533x10 (0+33)
dt +542x107%6 +5.588

6(0)=27 °C

Using Euler’s method, find the temperature of the steel shaft after 86400 seconds. Take a
step size of & =43200 seconds.

Solution
do L [—369x107°0* +2.33x107°6° +1.35x107°6"
= =-533x10 (0+33)
dt +542x107%260 +5.588
o [—3.69x107°0* +2.33x107°6° +1.35x107°6"
f(,6)=-533%10 (0+33)
+542x107%60 +5.588

The Euler’s method reduces to
‘9i+1 = 91‘ +f(ti’9i)h
Fori=0,¢,=0, 6,=27
01 = ‘90 +f(t09‘90)h
=27+ £(0,27)43200

27+ —533x107| % 107(27)" +233x107(27) (27 +33) [43200
+1.35x107(27) +5.42x107(27)+5.588

=27 +(~0.0020893 43200
= —63.258°C

6, is the approximate temperature at
t=t, =t,+h =0+43200 = 43200 s
6(43200) ~ 6, = —63.258°C
For i=1, t, = 43200, 6, = —63.258
0, =0, +f(l1,l9])h
= —63.258 + £(43200,-63.258)43200

~3.69x107°(—63.258)" +2.33x107°(~ 63.258)’
=—63.258+| —5.33x107°| +1.35x107° (- 63.258) (- 63.258+33) [43200
+5.42x107%(-63.258)+5.588

= —63.258 +(~ 0.0092607 43200
= —463.32°C



Euler’s Method

0, is the approximate temperature at
t=t, =t +h=43200+43200 = 86400 s
0(86400) ~ 0, = —463.32°C

Figure 3 compares the exact solution with the numerical solution from Euler’s method for the
step size of & =43200.

S0k Exact
-100F
150
200
-250F

Temperature, a(C)

-300+ h=43200—%.
350} '
400+

_45[:] I 1 1 1 1 1 | 1 1 ‘b

0 1 2 3 4 3] 4] 7 8
Time (sec) v 104

Figure 3 Comparing exact and Euler’s method.

The problem was solved again using smaller step sizes. The results are given below in
Table 1.
Table 1 Temperature at 86400 seconds as a function of step size, /.

Siit:’ph 0(86400) | E, &, %
86400 | -15352 | 12742 | 48821
43200 | 46332 |43722 | 16752
21600 |-29.542 |3.4421 | 13.189
10800 | -27.795 | 1.6962 | 6.4988
5400 | 26953 | 0.85870 | 3.2902

Figure 4 shows how the temperature varies as a function of time for different step sizes.
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U\ Exact

T
Sor o T h=21600

o0k N T
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200t
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Figure 4 Comparison of Euler’s method with exact solution for different step
sizes.

While the values of the calculated temperature at ¢ = 86400s as a function of step size are
plotted in Figure 5.



Euler’s Method

S0
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-200F
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=300+
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Figure 5 Effect of step size in Euler’s method.

The solution to this nonlinear equation at ¢ = 86400s is
0(86400) = —26.099°C

Can one solve a definite integral using numerical methods such as Euler’s method of
solving ordinary differential equations?
Let us suppose you want to find the integral of a function f(x)

Izjf(x)dx.

Both fundamental theorems of calculus would be used to set up the problem so as to solve it
as an ordinary differential equation.

The first fundamental theorem of calculus states that if f 1is a continuous function in the
interval [a,b], and F is the antiderivative of [, then

[ /(e = F(b) - Fla)

The second fundamental theorem of calculus states that if f is a continuous function in the
open interval D, and « is a point in the interval D, and if

Flx)= [ £le)r

then
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F'(x)=f(x)

at each pointin D.

b
Asked to find '[ f (x)dx, we can rewrite the integral as the solution of an ordinary
differential equation (here is where we are using the second fundamental theorem of
calculus)

%Z=f@lyw)=Q
X

where then y(b) (here is where we are using the first fundamental theorem of calculus) will

b
give the value of the integral j f (x)dx.

Example 4

Find an approximate value of
8
I6x3dx
5
using Euler’s method of solving an ordinary differential equation. Use a step size of 4 =1.5.

Solution

8
Given J. 6x’dx, we can rewrite the integral as the solution of an ordinary differential equation
5

dy 3
dx x,y()

8
where y(8) will give the value of the integral I6x3dx.
5

D63t = f(x,y), 5(5)=0
dx

The Euler’s method equation is
Vit = Vi +f(xi’yi)h

Step 1
i=0,x,=59,=0
h=15
X, =x,+h
=5+1.5
=6.5

=X +f(x0,y0)h
=0+ £(5,0)x1.5
=0+(6x5)x1.5
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=1125
~ 3(6.5)
Step 2
i=1,x =65,y =1125
X, =x,+h
=6.5+1.5
=8

Yo =0 +f(x1,y1)h
=1125+ f(6.5,1125)x1.5
=1125+(6%6.5°)x1.5
=3596.625
= ¥(8)

Hence

Jxdx = y(®) - y(5)

~3596.625-0
=3596.625
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