Chapter 08.03
Runge-Kutta 2nd Order Method for
Ordinary Differential Equations

After reading this chapter, you should be able to:

1. understand the Runge-Kutta 2nd order method for ordinary differential equations and
how to use it to solve problems.

What is the Runge-Kutta 2nd order method?

The Runge-Kutta 2nd order method is a numerical technique used to solve an ordinary
differential equation of the form

j—y = f(x, ) »(0)= y,
X

Only first order ordinary differential equations can be solved by using the Runge-Kutta 2nd
order method. In other sections, we will discuss how the Euler and Runge-Kutta methods are
used to solve higher order ordinary differential equations or coupled (simultaneous)
differential equations.

How does one write a first order differential equation in the above form?

Example 1

Rewrite
ﬂ+2y =1.3¢™,y(0)=5
dx

in

d
—dy = f(x,), ¥(0) =y, form.
X

Solution

X
In this case

f(x.y)=13e" -2y
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Example 2

Rewrite

e’ %+ x?y? =2sin(3x), ¥(0)=5
x

in
d
 — f(x, ), ¥(0) =y, form.
dx

Solution

e’ %+x2y2 = 2sin(3x), y(0)=5

dy 2sin(3x)—x’y>
a e s
In this case

: 2.2
f(x,y): 2s1n(3);)y—x y

Runge-Kutta 2" order method

Euler’s method is given by

yi+1:yi+f('xi’yi)h (1)
where

x,=0

Yo :y(xo)

h=x, —x,

i+1

To understand the Runge-Kutta 2nd order method, we need to derive Euler’s method from
the Taylor series.

_ dy 1d’y , 1dy

YVin =Vit— ( i+ 7 i) 5dx_2 ( i+ T i) +§?

dx
XisJi Xi Vi XisVi

1 1 "
U RRACR D SR LT RO CNEE f (@ y ) =% )+ ()
As you can see the first two terms of the Taylor series
Yin = Vi +f('xi5yi)h
are Euler’s method and hence can be considered to be the Runge-Kutta 1st order method.
The true error in the approximation is given by

Et:f(xiﬂyi)hZ_i_f(xi?yi)h3+ (3)
2! 3!

So what would a 2nd order method formula look like. It would include one more term of the
Taylor series as follows.

Vi =y + flx ,,y,)h+ f( Ly 4)

(xi+l -X )3 +..
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Let us take a generic example of a first order ordinary differential equation

B e 3y,)(0)=5
dx

fley)=e™ =3y
Now since y is a function of x,
(o) T y) oflxy)dy
/ (x,y)— ox " oy dx
= %(e_zx - 3y)+ % [(e_zx - ?))/)Ke_bC - 3y)
=2e ™ + (—3)(6’” - 3y)
=-5¢7" +9y
The 2nd order formula for the above example would be

r,
Yin :yi+f(xi’yi)h+5f (xi’yi)hz

)

=y, +<e_2x" —3yi)h +%(— 5e7*" +9yi)h2

However, we already see the difficulty of having to find f ’(x, y) in the above method. What
Runge and Kutta did was write the 2nd order method as

Yinn =V +(a1k1 +ayk, )h (6)
where

k, = f(xnyi)

ky = f(xi +ph,y, +Q11k1h) (7)

This form allows one to take advantage of the 2nd order method without having to
calculate /'(x, ).

So how do we find the unknowns a,, a,, p, and g,,. Without proof (see Appendix
for proof), equating Equation (4) and (6) , gives three equations.
a,+a, =1
ap = By
1
aqn = 5

Since we have 3 equations and 4 unknowns, we can assume the value of one of the
unknowns. The other three will then be determined from the three equations. Generally the

value of a, is chosen to evaluate the other three constants. The three values generally used

for a, are %, 1 and %, and are known as Heun’s Method, the midpoint method and

Ralston’s method, respectively.

Heun’s Method

I . ..
Here a, = 5 is chosen, giving
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1
al—a
p =1
g, =1

resulting in

1 1
Yian =V, +(Ek1 +5k2jh

(8)
where
k, Zf(xi’yi) (%a)
ky = f(x; + h.y, + ki) (9b)
This method is graphically explained in Figure 1.
YA

Slope = f(x, + h,y, + kh)
—

Y., predicted

Average Slope = % [f(xi +h,y, + k]h)+ f(xi’ Vi )]

Vi

Xi

n
>

X
Xi+1

Figure 1 Runge-Kutta 2nd order method (Heun’s method).

Midpoint Method
Here a, =1 is chosen, giving
a, =0
1
b= E
1
qn = E
resulting in
Vi =Y thyh (10)
where
k, = f(xisyi)

(11a)
1 1
k, =f(xi +ohy, +Ek1hJ (11b)
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Ralston’s Method

2. ..
Here a, = 3 is chosen, giving

1
a, 3
3
P _Z
3
qn _Z
resulting in
Via =V, +(lk1 +zk2jh (12)
" "3 3
where
k= f(x.,) (13a)
k, =f(xi +§h,yi +§k1hj (13b)
4 4
Example 3

A solid steel shaft at room temperature of 27 °Cis needed to be contracted so that it can be
shrunk-fit into a hollow hub. It is placed in a refrigerated chamber that is maintained at

—33 °C. The rate of change of temperature of the solid shaft @ is given by

do [ —369x107°0* +233x107°0° +1.35x107°0> +

= =-533x10 (60+33)
dt +5.42x107%60 +5.588

6(0)=27 °C

Using the Runge-Kutta 2" order method, find the temperature of the steel shaft after 86400
seconds. Take a step size of & =43200 seconds.

Solution
do L [—369x107°0% +2.33x107°6° +1.35x107°6"
= =-533x10 (0+33)
dt +542x107%60 +5.588

—3.69x107°0* +233x107°6° +1.35x107° 0"

f(t0)=-533x10"°
(:0) +542x107%260 +5.588

J(e +33)

Per Heun’s method
1 1

9i+1 :91‘ +(Ek1 +5k2jh

kl = f(ti’ei)

k, = f(t, +h,0, + k,h)
Fori=0, ¢, =0, 6, =27

ky = f(tooeo)

ky = £(0,27)
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o[—3.69%x10°(27)" +2.33x107°(27)’
=|-5.33x10 (27+33)
+1.35%107°(27)* +5.42x1072(27)+5.588

=-0.0020893

ky, = f(t, +h,6, +kh)

£(0+43200,27 + (- 0.0020893 43200)
£(43200,-63.278)

533510 ~3.69x107°(-63.278)* +2.33x107°(~ 63.278)’ (63278 + 33)
= —J. X - .
+1.35%107°(~63.278)° +5.42x107* (- 63.278)+5.588

=-0.0092607

1 1
01 :90 +(§k1 +Ek2jh

=27+ G (~0.0020893) + %(— 0.0092607)}43200

=27 +(~0.0056750 43200
=-218.16°C
0, is the approximate temperature at

t=t, =t,+h=0+43200 = 43200 s
6(43200) ~ 6, = -218.16°C
For i =1, ¢, =43200, 0, =-218.16
kl = f(tl’el)
= £(43200,-218.16)

53310 ~3.69x107°(-218.16)" +2.33x107° (- 218.16)’ (218164 33)
=] —2.03X — .
+1.35%x107° (- 218.16) +5.42x107*(-218.16)+5.588

= —8.4304

f(t, +h,6, +kh)

£(43200 + 43200,-218.16 + (— 8.4304)43200)
£(86400,-364410)

ks

533%10°° ~3.69x10°(~364410)" +2.33x10°(—364410)’
= —D. X
+1.35x107°(~364410)° +5.42x107(~364410)+5.588
=-1.2638x10"

1 1
02 = 01 +(5k1 +Ek2jh

](—364410+33)}
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—218.16+ (%(—8.4304)+%(—1.2638x 10”))43200

— 218.16+(~6.3190x 10" 43200
— 2.7298x10% °C

0, is the approximate temperature at
t=t, =t +h=43200+43200 = 86400 s
0(86400) ~ 0, = —2.7298x10*' °C

The solution to this nonlinear equation at ¢ = 86400s 1is
0(86400) = —26.099 °C

The results from Heun’s method are compared with exact results in Figure 2.

_ Exact
“ -
-50F
C 1000
e E
- E
S g
©
& -150F«h=86400 h=43200
£ B
o
l_ =
-200¢
: ®
250
_300 % | | | | | | | |
0 1 2 3 4 5 6 7 8
Time (sec) ¥ 104

Figure 2 Heun’s method results for different step sizes.

Using smaller step size would increases the accuracy of the result as given in Table 1 and
Figure 3 below.
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Table 1 Effect of step size for Heun’s method.

Step size, h 6(86400) E, &%
86400 58466 58440 223920
43200 —2.7298x10%" | 2.7298x10*" | 1.0460x10*
21600 _04.537 -1.5619 5.9845
10800 ~25.785 —0.31368 1.2019
%107
0,
0.5
2
g 1.5
£
.
2.5
_3 | | | | | | | |
0 1 2 3 4 5 6 7 8
Step Size (sec) X 104

Figure 3 Effect of step size in Heun’s method.

In Table 2, the Euler’s method and Runge-Kutta 2" order method results are shown as a
function of step size.

Table 2 Comparison of Euler and the Runge-Kutta methods.

Step size, 0(86400)

h Euler Heun Midpoint Ralston
86400 —-153.52 —58466 —774.64 —-12163
43200 —464.32 ~2.7298x10*" | 0.33691 —19.776
21600 -29.541 -24.537 —24.069 —24.268
10800 -27.795 —-25.785 —25.808 =25.777
5400 ~26.958 —-26.027 -26.039 -26.032
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While in Figure 4, the comparison is shown over the range of time.

30
Euler
s Heuin
) = Midpoint
20 % Ralston
Exact
10+

Temperature, 6(C)
=)
T

-30 1 1 | | | 1 1 1

Time (sec) y 104

Figure 4 Comparison of Euler and Runge Kutta methods with exact results
over time.

How do these three methods compare with results obtained if we found f ’(x, y)
directly?

Of course, we know that since we are including the first three terms in the series, if the
solution is a polynomial of order two or less (that is, quadratic, linear or constant), any of the
three methods are exact. But for any other case the results will be different.

Let us take the example of

D23y 5(0)=5.
dx

If we directly find f ’(x, y), the first three terms of the Taylor series gives

1,
Yin =i +f(xi9yi)h+5f (xisyi)hz
where
flx,y)=e™ =3y

f'(x,y) =-5¢"+9y
For a step size of & =0.2, using Heun’s method, we find
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1(0.6)=1.0930
The exact solution
y(x) —e 2 44073
gives
y(0.6): e—2(0.6) +4e—3(0.6)
=0.96239
Then the absolute relative true error is

)= 10.96239-1.0930|
T 096239 |
=13.571%

For the same problem, the results from Euler’s method and the three Runge-Kutta methods
are given in Table 3.

Table 3 Comparison of Euler’s and Runge-Kutta 2nd order methods

y(0.6)
Exact Euler | Direct 2nd | Heun | Midpoint | Ralston

Value | 0.96239 | 0.4955 | 1.0930 1.1012 | 1.0974 | 1.0994
| % 48.514 | 13.571 14.423 | 14.029 | 14.236

Appendix A
How do we get the 2nd order Runge-Kutta method equations?

We wrote the 2nd order Runge-Kutta equations without proof to solve

Y rx,y), (0)=y, (A1)

dx
as

Yin =Vt (alkl +a,k, )h (A.2)
where

ky = f(x.,,) (A.3a)

k, = f(xi +pihy; +q“k1h) (A.3b)
and

a, +a, =1

1
a,p, = E
a4, = 1 (A.4)
2

The advantage of using 2nd order Runge-Kutta method equations is based on not having to
find the derivative of f (x, y) symbolically in the ordinary differential equation

So how do we get the above three Equations (A.4)? This is the question that is answered in
this Appendix.
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Writing out the first three terms of Taylor series are

dy 1d’y| ;
=y +—2 h+——2 h°+O0\h A5
=g Mg, o) (AS5)
where
h=x, —x
Since
d
d—y=f(x,y)
X

we can rewrite the Taylor series as

1.,
Vi :yi+f(xi’yi)h+5f (xi’yi)h2+0(h3)

(A.6)
Now
Flay)= P y)  Flxy)dy A7)
ox oy dx
Hence
1| of of dy 2 3
=y Ly 4+ —| = = — h™+O\h
Vin = v+ (5 0;) +2!{8x B ar J +oln)
1 5f 2 1 af 2 3
= Sy h+—=—  hT+—— Ly, )b +O\h A8
v+ Sy a0 flsy 0 +0lr) (A8)

XisYi

Now the term used in the Runge-Kutta 2nd order method for &, can be written as a Taylor
series of two variables with the first three terms as

k, = f(xi +phy, +q”k]h)

0 0
= f(xi’yi)-i-plhl +Q11k1hl +0(h2) (A.9)
ox|, ) oy
i»Ji XisYi
Hence
Yin =V +(alkl +a,k, )h
0 0
=) +{alf(xi’yi)_FaZ{f(xz’yi)-‘rplhal +q11k1hl + O(hz)}}l
X XisYi ay X,V
0 0
:yi+(a1+a2)hf(xiayi)+a2p1h2_{c +a2qllf(xi’yi)h2§ +O(h3)
XisYi X, Vi
(A.10)
Equating the terms in Equation (A.8) and Equation (A.10), we get
a, +a, =1
1
a,p, E
1
a,q, :5
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