Chapter 07.01
Primer on Integration

After reading this chapter, you should be able to:

1. define an integral,

2. use Riemann’s sum to approximately calculate integrals,

3. use Riemann’s sum and its limit to find the exact expression of integrals, and

4. find exact integrals of different functions such as polynomials, trigonometric
function and transcendental functions.

What is integration?

The dictionary definition of integration is combining parts so that they work together or form
a whole. Mathematically, integration stands for finding the area under a curve from one
point to another. It is represented by

j- f(x)dx

where the symbol I is an integral sign, and @ and b are the lower and upper limits of

integration, respectively, the function f is the integrand of the integral, and x is the variable
of integration. Figure 1 represents a graphical demonstration of the concept.

Riemann Sum

Let f be defined on the closed interval [a,b], and let A be an arbitrary partition of
[a,b] such as: a=x, <X, <X, <...<x,, <x,=b, where Ax, is the length of the i"

subinterval (Figure 2).
If ¢, is any point in the i" subinterval, then the sum

n
Zf(ci)A‘xﬂx[—l <S¢ sXx;
i=1



is called a Riemann sum of the function f for the partition A on the interval [a,b]. For a
given partition A, the length of the longest subinterval is called the norm of the partition. It
is denoted by ||A|| (the norm of A). The following limit is used to define the definite integral.
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Figure 1 The definite integral as the area of a region under the curve, Area = I f(x)dx
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If ¢, is any point in the i" subinterval, then the sum

n
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Figure 2 Division of interval into n segments.

is called a Riemann sum of the function f for the partition A on the interval [a,b]. For a
given partition A, the length of the longest subinterval is called the norm of the partition. It is
denoted by ||A|| (the norm of A). The following limit is used to define the definite integral.
lim ' f(c)Ax, =1
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This limit exists if and only if for any positive number ¢, there exists a positive number o
such that for every partition A of [a,b] with ||A|| < 0, it follows that

<é&

1= fle)ay

for any choice of c, in the i" subinterval of A.

If the limit of a Riemann sum of f exists, then the function f is said to be integrable
over [a,b] and the Riemann sum of f* on [a,b] approaches the number 7 .

lim Z fle)Ax, =1
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b
[= j F(x)dx
Example 1

Find the area of the region between the parabola y =x’ and the x-axis on the interval
[0,4.5]. Use Riemann’s sum with four partitions.

Solution

We evaluate the integral for the area as a limit of Riemann sums. We sketch the region
(Figure 3), and partition [0,4.5] into four subintervals of length

4.5-0

Ax = =1.125.
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Figure 3 Graph of the function y = x7.

The points of partition are
x, =0, x, =1.125, x, =2.25, x, =3.375, x, = 4.5



Let’s choose ¢, ’s to be right hand endpoint of its subinterval. Thus,
¢ =x=1125,¢,=x,=2.25¢;,=x,=3.375,¢,=x, =45

The rectangles defined by these choices have the following areas:
f(e)Ax = £(1.125)x(1.125) = (1.125)*(1.125) =1.4238
f(c)Ax = £(2.25)x(1.125) = (2.25)*(1.125) = 5.6953
f(c;)Ax = £(3.375)x(1.125) = (3.375)°(1.125) =12.814
fe)Ax = £(4.5)x(1.125) = (4.5)*(1.125) = 22.781

The sum of the areas then is

4.5 4

[dx= fe)hx,

0 i=1
=1.4238+5.6953+12.814 +22.781
=42.715

4.5
How does this compare with the exact value of the integral I x’dx ?
0

Example 2

Find the exact area of the region between the parabola y =x’> and the x—axis on the
interval [0,b]. Use Riemann’s sum.
Solution
Note that in Example 1 for y = x” that
e )Ax =i (Ax)

Thus, the sum of these areas, if the interval is divided into »n equal segments is

Sn = Zf(ci )AX
i=1
=Y i*(Ax)’
i=1l
=(Ax) )i
i=1
Since
Ax = é , and
n
Z”:l,z _n(n+1)(2n+1)
i=l 6
then
g - i n(n+1)(2n+1)

"o 6
:£2n2+n+2n+1
6 n’




3
:b—(2+é+%)
6 n o n

The definition of a definite integral can now be used

|ax|->0

j F(x)dx = lim Z fle)Ax

To find the area under the parabola from x =0 to x = b, we have

b n
2 1
_([x dx = |1A1\E% ,-E=1 f(c,)Ax

=1limS$,
3
= limb—(z +§+L2j
n—>0 6 n n

3
:%(2+0+0)

b3
3
For the value of » = 4.5 as given in Example 1,
4.5 453
Ixzdx =
0
=30.375

The Mean Value Theorem for Integrals

The area of a region under a curve is usually greater than the area of an inscribed rectangle
and less than the area of a circumscribed rectangle. The mean value theorem for integrals
states that somewhere between these two rectangles, there exists a rectangle whose area is
exactly equal to the area of the region under the curve, as shown in Figure 4. Another
variation states that if a function f is continuous between a andb, then there is at least one

point in [a,b] where the function equals the average value of the function f over [a,b].

Theorem: If the function f is continuous on the closed interval [a,b], then there exists a
number ¢ in [a,b] such that:

£(0) = ﬁ j F(x)dx

Example 3

Graph the function f'(x) = (x —1)*, and find its average value over the interval [0,3]. At what
point in the given interval does the function assume its average value?



Q. C b
Figure 4 Mean value rectangle.

Solution

Average(f) = %If(x)dx
-a

1 3
=——|(x—1)dx
3—0!

3
=1j(x2—2x+1)dx
30

er-sea)]

=1

The average value of the function f over the interval [0,3] is 1. Thus, the function assumes
its average value at

fle)=1

(c-1)°=1

c=0,2
The connection between integrals and area can be exploited in two ways. When a formula
for the area of the region between the x-axis and the graph of a continuous function is
known, it can be used to evaluate the integral of the function. However, if the area of region
is not known, the integral of the function can be used to define and calculate the area. Table 1
lists a number of standard indefinite integral forms.



Figure 5 The function f(x)=(x—1)".

Example 4

Find the area of the region between the circle x* +y° =1 and the x-axis on the interval
[0,1] (the shaded region) in two different ways.
Solution

Figure 6 Graph of the function x* + y* =1.

The first and easy way to solve this problem is by recognizing that it is a quarter circle.
Hence the area of the shaded area is

A=l7z7f2
4



- Lray

The second way is to use the integrals and the trigonometric functions. First, let’s simplify
the function x* +y° =1.

¥ +y? =1
y2:1_x2
y=+1-x°

The area of the shaded region is the equal to
1
A= I\/l —x’dx
0
We setx =sin@, dx =cos@dd

A :jVI—xzdx
0
7
= f«/il—sinz 0)cosd do
0

7/
= fw/icosz Qicosﬁ dé
0

7/2

= J'cos2 6 do
0
By using the following formula
) 1+ cos26
cos " =——,
2
we have
/2
A J- 1+cos29d0
0 2
/2
_ j[l+00526jd0
o \2 2
7/
_ {10+ s1n2¢9}
2 4 |,
=(%+oj—(0+o)



The following are some more examples of exact integration. You can use the brief table of
integrals given in Table 1.

Table 1 A brief table of integrals

J.dx:x+C Isinxdx=—cosx+C

Iaf(x)a’x :aJ‘f(x)dx+C

Icosxdx =sinx+C

j[u(x) + v(x)]dx = Iu(x)dx + Iv(x)dx +C

jtan xdx = —ln|cos x| +C= 1n|sec x| +C

n+l

"dx="—1C !
.[ raxr= n+1 + j sec(ax)dx = —ln|sec(ax) + tan(ax)| +C
a

.[udv =uv_IVdu+C Icotxdx = —1n|cscx|+C = 1n|sinx|+C

dx 1
,[ PR Eln|ax +b[+C jsecz axdx = étan(ax) +C
jaxdx = @ +C
Ina Isec(x) tan(x)dx = sec(x) + C
Ie"x dx = e +C
a Icsc(x) cot(x)dx = —csc(x) +C
Example 5

Evaluate the following integral

j.2xe_)‘2 dx
0



Solution

Let u=—x>, du=—-2xdx
At x=0,u=-(0)"=0
At x=1Lu=—(1)=

1 1
[2xe™ dx = [ (e )(~2xd)
0 0

- [yt

=[el

= e —(=¢")
=0.6321
Example 6
Evaluate
_[ 1+ sm X
. cos’x
Solution
i +smx i sinx
J. = J. 2 dx
0 cos’ x 0 cosx cos” x
/4
= I sec x+secx><tanx)dx
;z-(j /4
J. sec x)dx+ J. secx)(tanx)dx
0 0
= [tan x| +[secx]*
—(1-0)+(V2-1)
G
Example 7

Evaluate I xsec” xdx

Solution

We use the formula
Judv =uv-— J‘vdu

Letu = x, du = dx, and dv = sec’ xdx,v = tan x
So the new integral is



Ix sec’ xdx = xtan x —Itan xdx

= xtanx+ ln|cosx| +C

Example 8

Evaluate

jx In xdx

1

Solution

Let u =Inx, du :ldxand dv = xdx,v :7

2

X

X

Using the formula I udv =uv— Ivdu , the new integral is

-!z.(x)(ln x)dx = [m X x_zT _H%Z]G dxj

1 1
I xz_2 T x
=|[lnxx— —I—dx
2_1 1 2

I 21 [T
=|lnxx—| —| —
2 4

L 1 1

= _(21n2)—61n1ﬂ -
= :(2ln2)—(%x0ﬂ—

=0.6362

Example 9

Evaluate

1
J- 5x2 : dx
o (4+x7)

Solution

We use the formula.f f(g(x)g'(x)dx =

then integrating from g(a) to g(b).

Let

uzg(x):4+x2,

4

[ S ]

(56)
-

(b)
jf(u)du , by substituting u = g(x), du = g'(x)dx

g(a)



SO
g(0)=4, g(I)=5, and
du = (2x)dx

The new integral is

[ 5x ¢ 1 5
dx = 2 (2x)d
-([(4+x2)2 y {(4+x2)2x2x( )

501
=—|—du
2!@12
_S[_1T

20 u],

5 1 1
- 5[(—5) - (—Z)}

s b
2 20
=0.125
Example 10
Evaluate
4
J.|2x - 1|dx
0
Solution

First, let’s analyze the expressi0n|2x - 1|.

1
2x -1 =—-2x—1 —
|x | (2x ),)c<2

1
=2x-1, x>—
( ) 5

4 1/2 4
[lox—1ldx = [-@x—Ddx+ [(2x—T)ax
0

0 1/2

e e
Lol

Example 11

Evaluate



Tzdx

x =1
Solution
T2 I 2
dx = d
_J;xz—l gy _J;(x—l)x(x+l g
)
:J-(x+1)—(x—1 dx
_w(x—l)x(x+1)
=_Jg x+1 _ x—1 dx
7w(x—1)><(x+1) (x—l x(x+1)
t1 ‘1
= |—dx— |—dx
s x—1 Jx+1
= lim linfx 1} - lim linfx+1}?
b
= lim{lnx—_l}
bol x+1],
= lim{ln_—3 —lnﬁ}
b -1 b+1
-1
=In(3)-1In| lim|——
o) i o |
= 1n(3)— ln(l)
:ln(3)
=1.0986
Example 12

Graph the function y = %(x2 +2)*'?, and find the length of the curve from x =0 to x =3.

Solution

We use the equation
b
dy.,
L=|,1+(—=)"dx
! )
We have:
y:l(x2+2)3/2
3
So,
dy (1 3 2 /2-1
= —|x| = |x{x"+2 x(2
(G ]2l 2f (o)
=xVx* +2



J. l+(xm)zdx

N~
Il

Figure 7 Graph of the function y = %(x2 +2)*°

1+ x%(x* +2)dx
V1+x* +2x%dx

= [4(x* +1)*dx
= | (x* +1)dx
0
=|—+x
3 0
=12

Example 13

Find the area of the shaded region given in Figure 8.



fx)=1

1 —
y

0.8 71
0.6+ g(x) =cos’ x
04
027 /

0 I x

0 a ju
2

Figure 8 Graph of the function cos” x.

Solution

For the sketch given,

azz,bzfr,and
2

f(x)—g(x)=1-cos’ x =sin’ x

A= Isinz(x)dx

7/2
_ .’f 1—-cos2x
7/2 2

_ J‘[l_cosbﬂdx
0 2 2

[x sin ZxT
/2

dx

| 2 4

_ [Z_MJ_ Z_%

2 4

G-l




r
4

Example 14

Find the volume of the solid generated by revolving the shaded region in Figure 9 about the
y-axis.

x=tan(z/4)y

»
= X

Figure 9 Volume generated by revolving shaded region.
Solution

b
We use the formula V = J.zz(radius)zdy

Let

T T
u=—y,du=—dy.
47 e

Therefore,at y =0, u =0



/4

= 4 [(tanu) du (Choosing u= %y)
0

= 4”_/[4(— 1+sec? u)du
0

4~ u + tanu ]

4{[— % +tan %) —(0+tan O)}
4{(_%+ 1) —(0+ o)}

=0.8584
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