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Chapter 08.01
Primer for Ordinary Differential Equations

After reading this chapter, you should be able to:
1. define an ordinary differential equation,
2. differentiate between an ordinary and partial differential equation, and
3. solve linear ordinary differential equations with fixed constants by using classical solution and Laplace transform techniques. 
Introduction
An equation that consists of derivatives is called a differential equation.  Differential equations have applications in all areas of science and engineering.  Mathematical formulation of most of the physical and engineering problems leads to differential equations.  So, it is important for engineers and scientists to know how to set up differential equations and solve them.

Differential equations are of two types 

(A) ordinary differential equations (ODE) 

(B) partial differential equations (PDE)
An ordinary differential equation is that in which all the derivatives are with respect to a single independent variable.  Examples of ordinary differential equations include
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Ordinary differential equations are classified in terms of order and degree.  Order of an ordinary differential equation is the same as the highest derivative and the degree of an ordinary differential equation is the power of highest derivative.

Thus the differential equation,
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is of order 3 and degree 1, whereas the differential equation    
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is of order 1 and degree 2.

An engineer’s approach to differential equations is different from a mathematician.  While, the latter is interested in the mathematical solution, an engineer should be able to interpret the result physically.  So, an engineer’s approach can be divided into three phases:
a) formulation of a differential equation from a given physical situation,

b) solving the differential equation and evaluating the constants, using given conditions, and 
c) interpreting the results physically for implementation.

Formulation of differential equations
As discussed above, the formulation of a differential equation is based on a given physical situation.  This can be illustrated by a spring-mass-damper system.
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Above is the schematic diagram of a spring-mass-damper system. A block is suspended freely using a spring.   As most physical systems involve some kind of damping - viscous damping, dry damping, magnetic damping, etc., a damper or dashpot is attached to account for viscous damping.


Let the mass of the block be 
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, the spring constant be 
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, and the damper coefficient be 
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.  If we measure displacement from the static equilibrium position we need not consider gravitational force as it is balanced by tension in the spring at equilibrium.


Below is the free body diagram of the block at static and dynamic equilibrium.  So, the equation of motion is given by 
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where  
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 is the restoring force due to spring.
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 is the damping force due to the damper.
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 is the acceleration.

The restoring force in the spring is given by
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as the restoring force is proportional to displacement and it is negative as it opposes the motion.  The damping force in the damper is given by
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as the damping force is directly proportional to velocity and also opposes motion.

Therefore, the equation of motion can be written as
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from Equation (4), we get
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This is an ordinary differential equation of second order and of degree one.

Solution to linear ordinary differential equations
In this section we discuss two techniques used to solve ordinary differential equations

(C) Classical technique 

(D) Laplace transform technique

Classical Technique

The general form of a linear ordinary differential equation with constant coefficients is given by
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The general solution contains two parts 
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where 
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 is the homogeneous part of the solution and
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The homogeneous part of the solution 
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 is that part of the solution that gives zero when substituted in the left hand side of the equation.  So, 
[image: image30.wmf]H

y

 is solution of the equation



[image: image31.wmf]0

.........

1

2

2

2

3

1

1

=

+

+

+

+

+

-

-

y

k

dx

dy

k

dx

y

d

k

dx

y

d

k

dx

y

d

n

n

n

n

n


                         

 (8)

  The above equation can be symbolically written as 
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 where,
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operating on 
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operating one after the other in any order, where
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To illustrate
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is same as
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operating one after the other in any order.

Case 1: Roots are real and distinct

The entire left hand side becomes zero if 
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Integrating both sides we get
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Since any of the 
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 factors can be placed before 
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We get the general solution for a homogeneous equation by superimposing the individual Leibnitz’s solutions.  Therefore
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Case 2: Roots are real and identical 

 If two roots of a homogeneous equation are equal, say 
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 Let’s work at



[image: image66.wmf]0

)

)(

(

1

1

=

-

-

y

r

D

r

D

          





                       (22)

If



[image: image67.wmf]z

y

r

D

=

-

)

(

1









                       (23)

then
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Now substituting the solution from Equation (24) in Equation (23)
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Integrating both sides of Equation (25), we get
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Therefore the final homogeneous solution is given by 
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Similarly, if 
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roots are equal the solution is given by
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Case 3: Roots are complex

If one pair of roots is complex, say 
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Since  
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then
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 where  
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Now, let us look at how the particular part of the solution is found.  Consider the general form of the ordinary differential equation
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The particular part of the solution 
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 when substituted for 
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 in the above equation, that is,
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Sample Case 1

When 
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, the particular part of the solution is of the form 
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[image: image98.wmf]A

 by substituting 
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 in the left hand side of the differential equation and equating coefficients.

Example 1

Solve  
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Solution

The homogeneous solution for the above equation is given by
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The characteristic equation for the above equation is given by
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The particular part of the solution is of the form 
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Hence the particular part of the solution is
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The complete solution is given by
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The constant 
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Example 2
Solve  
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Solution

The homogeneous solution for the above equation is given by
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The characteristic equation for the above equation is given by
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The solution to the equation is
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Based on the forcing function of the ordinary differential equations, the particular part of the solution is of the form 
[image: image126.wmf]x

Ae

5

.

1

-

, but since that is part of the form of the homogeneous part of the solution, we need to choose the next independent solution, that is,
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To find 
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, we substitute this solution in the ordinary differential equation as
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Hence the particular part of the solution is
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The complete solution is given by
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The constant 
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The complete solution is
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Sample Case 2 

When 
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The homogeneous equation is given by

            
[image: image150.wmf]0

)

125

.

3

3

2

(

2

=

+

+

y

D

D


The characteristic equation is 



[image: image151.wmf]0

125

.

3

3

2

2

=

+

+

r

r


The roots of the characteristic equation are



[image: image152.wmf]2

2

125

.

3

2

4

3

3

2

´

´

´

-

±

-

=

r




[image: image153.wmf]4

25

9

3

   

-

±

-

=




[image: image154.wmf]4

16

3

   

-

±

-

=




[image: image155.wmf]4

4

3

   

i

±

-

=




[image: image156.wmf]i

±

-

=

75

.

0

   


Therefore the homogeneous part of the solution is given by
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The particular part of the solution is of the form
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Equating coefficients of 
[image: image163.wmf]x

sin

 and 
[image: image164.wmf]x

cos

 on both sides, we get



[image: image165.wmf]1

3

125

.

1

=

-

B

A




[image: image166.wmf]0

3

125

.

1

=

+

A

B


Solving the above two simultaneous linear equations we get 
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The complete solution is
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The homogeneous part of the equations is given by
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The particular part of the solution is of the form
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Substituting the particular part of the solution in the differential equation, 
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Equating coefficients of 
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The solution to the above two simultaneous linear equations are
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We have two linear equations with two unknowns
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Solving the above two simultaneous linear equations, we get
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Sample Case 3
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Example 5     

Solve

    

[image: image229.wmf]x

e

y

dx

dy

dx

y

d

x

sin

125

.

3

5

2

2

2

-

=

+

+

,
[image: image230.wmf]3

)

0

(

  

,

5

)

0

(

=

=

=

x

dx

dy

y


Solution

The homogeneous equation is given by

             
[image: image231.wmf]0

)

125

.

3

5

2

(

2

=

+

+

y

D

D


 The characteristic equation is given by



[image: image232.wmf]0

125

.

3

5

2

2

=

+

+

r

r




[image: image233.wmf])

2

(

2

)

125

.

3

)(

2

(

4

5

5

2

-

±

-

=

r



 
[image: image234.wmf]4

25

25

5

  

-

±

-

=



   
[image: image235.wmf]4

0

5

±

-

=



   
[image: image236.wmf]25

.

1

,

25

.

1

-

-

=


Since roots are repeated, the homogeneous solution 
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The particular part of the solution is of the form
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Substituting the particular part of the solution in the ordinary differential equation


[image: image240.wmf]x

e

x

B

x

A

e

x

B

x

A

e

dx

d

x

B

x

A

e

dx

d

x

x

x

x

sin

)}

cos

sin

(

{

125

.

3

         

)}

cos

sin

(

{

5

)}

cos

sin

(

{

2

2

2

-

-

-

-

=

+

+

+

+

+



[image: image241.wmf]x

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

dx

d

x

x

x

x

x

x

sin

)

cos

sin

(

125

.

3

)}

sin

cos

(

)

cos

sin

(

{

5

   

 

)}

sin

cos

(

)

cos

sin

(

{

2

-

-

-

-

-

-

=

+

+

-

+

+

-

+

-

+

+

-



 EMBED Equation.3  [image: image242.wmf]x

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

x

B

x

A

e

x

x

x

x

x

x

x

x

sin

)

cos

sin

(

125

.

3

)}

sin

cos

(

)

cos

sin

(

{

5

       

)}

cos

sin

(

)

sin

cos

(

)

sin

cos

(

)

cos

sin

(

{

2

-

-

-

-

-

-

-

-

=

+

+

-

+

+

-

+

+

-

-

-

-

-

+




[image: image243.wmf]x

e

x

B

x

A

e

x

B

x

A

e

x

x

x

sin

)

sin

cos

(

)

cos

sin

(

875

.

1

-

-

-

=

-

+

+

-




[image: image244.wmf]x

x

B

x

A

x

B

x

A

sin

)

sin

cos

(

)

cos

sin

(

875

.

1

=

-

+

+

-




[image: image245.wmf]x

x

B

A

x

B

A

sin

cos

)

875

.

1

(

sin

)

875

.

1

(

=

-

+

+

-


Equating coefficients of 
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Solving the above two simultaneous linear equations we get
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in the solution, we get
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The forms of the particular part of the solution for different right hand sides of ordinary differential equations are given below
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Laplace Transforms
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where 
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 is a parameter, which can be a real or complex number.  We can get back 
[image: image289.wmf])

(

x

f

 by taking the inverse Laplace transform of 
[image: image290.wmf])

(

s

Y

.



[image: image291.wmf])

(

)}

(

{

1

x

f

s

Y

L

=

-







                                   (36)

Laplace transforms are very useful in solving differential equations. They give the solution directly without the necessity of evaluating arbitrary constants separately.

The following are Laplace transforms of some elementary functions
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The following are the inverse Laplace transforms of some common functions
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Properties of Laplace transforms

Linear property
If 
[image: image312.wmf]c

b

a

 

,

 

,

 are constants and 
[image: image313.wmf]),

(

 

),

(

x

g

x

f

and 
[image: image314.wmf])

(

x

h

 are functions of 
[image: image315.wmf]x

 then



[image: image316.wmf]))

(

(

))

(

(

))

(

(

)]

(

)

(

)

(

[

x

h

cL

x

g

bL

x

f

aL

x

ch

x

bg

x

af

L

+

+

=

+

+



                       (39)

Shifting property
If
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Using shifting property we get
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Scaling property
If 
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Laplace transforms of derivatives

If the first 
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Using integration by parts we get
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Laplace transform technique to solve ordinary differential equations

The following are steps to solve ordinary differential equations using the Laplace transform method

(E) Take the Laplace transform of both sides of ordinary differential equations.
(F) Express 
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 as a function of 
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.
(G) Take the inverse Laplace transform on both sides to get the solution.
Let us solve Examples 1 through 4 using the Laplace transform method.
Example 6

Solve 
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Solution

Taking the Laplace transform of both sides, we get
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Writing the expression for 
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(

s

Y

 in terms of partial fractions
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Equating coefficients of 
[image: image348.wmf]1

s

 and 
[image: image349.wmf]0

s

 gives



[image: image350.wmf]15

3

=

+

B

A




[image: image351.wmf]16

2

=

+

B

A


The solution to the above two simultaneous linear equations is
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Taking the inverse Laplace transform on both sides
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The solution is given by
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Example 7
Solve 
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Solution

Taking the Laplace transform of both sides, we get
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Using the initial condition 
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Writing the expression for 
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 in terms of partial fractions
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Equating coefficients of 
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The solution to the above two simultaneous linear equations is
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Taking the inverse Laplace transform on both sides
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The solution is given by
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Example 8
Solve
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Solution

Taking the Laplace transform of both sides
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and knowing
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The solution to the above four simultaneous linear equations is 
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Taking the inverse Laplace transform of both sides
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The complete solution is
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Solve



[image: image427.wmf]x

y

dx

dy

dx

y

d

cos

125

.

3

6

2

2

2

=

+

+

,  
[image: image428.wmf]3

)

0

(

  

,

5

)

0

(

=

=

=

x

dx

dy

y


Solution

Taking the Laplace transform of both sides
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The solution to the above four simultaneous linear equations is 
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Taking the inverse Laplace transform on both sides
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The complete solution is
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Solution

Taking the Laplace transform of both sides
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The solution to the above four simultaneous linear equations is 
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Taking the inverse Laplace transform on both sides
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The complete solution is
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             Figure 2 Free body diagram of spring-mass-damper system.  
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