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What is Interpolation ?

Given (Xo,Yo), (X1,¥1)s - (Xn:Yn), find the
value of 'y’ at a value of X’ that is not given.
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Interpolants

Polynomials are the most common
choice of interpolants because they
are easy to:

mEvaluate
m Differentiate, and
m Integrate.



Lagrangian Interpolation

Lagrangian interpolating polynomial is given by
fn (X) = Z L, (x) f (Xi)
i=0

where ‘n’in f_(x) stands for the n™ order polynomial that approximates the function y = f (x)

given at (n+1) data points as (X,, Y, ), (X, Yy oo (X1, Yoo ) (X, Y, ), and

Li(X):ﬁX. .

= J
J#i

L. (x) is a weighting function that includes a product of (n—1) terms with terms of j =i
omitted.



Example

Thermistors are based on materials’ change in resistance with
temperature. A manufacturer of thermistors makes the following
observations on a thermistor. Determine the temperature
corresponding to 754.8 ohms using the Lagrangian method for
linear interpolation.

Temperature vs. Resistance
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Linear Interpolation

T(R) = ZL (R)T(R;)
_L (R)T(R )+LRTR)

(
R, =911.3,T(R,)=30.131 "

R, = 636.0,T(R,)=40.120




Linear Interpolation (contd)

1 R-R, R-R

_ J _ 1
LO(R)_IIR—R "R —R
j=0 Mo ' 0 1

J

T(R) = m L T(Ry) + m— L T(R))
0 1 Rl 0
__RZ6300 gy 93y, RIS 6100y 636.0<R <9113
911.3— 636.0 636.0—911.3
7508y < T8 =636.0 0 o THA8-O1L3 0
911.3- 636.0 636.0—911.3

= 0.43153(30.131) + 0.56847(40.120)
= 35.809°C



Quadratic Interpolation

For the second order polynomial interpolation (also called guadratic interpolation), we

choose the velocity given by
2
v(t) = L (Dv(t,)
i=0

= L, (v(t,) +L, V(L) + L, (v(t,)
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Example

Thermistors are based on materials’ change in resistance with
temperature. A manufacturer of thermistors makes the following
observations on a thermistor. Determine the temperature
corresponding to 754.8 ohms using the Lagrangian method for
qguadratic interpolation.

Temperature vs. Resistance
55 . . . .
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Quadratic Interpolation (contd)

R, =911.3, T(R,)=30.131 souz, > ' ' ' ' '
R, =636.0, T(R,)=40.120 %0 .
R, =451.1, T(R,)=50.128 '
soe [ |
f(range)

f(x desired)

L(R)—f[R‘Rj_ R-R Y R=R, )} ** +°
7 J0R-R;, (Ry—R AR, -R,

R-R,
30131, 4 | I | I
R _ R2 400 500 600 700 800 900 1000

451.1, Xg, range, X desired 911.3,
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Quadratic Interpolation (contd)

rRy <[ R=RLY R=R: R+ R-R, | R-R, TR + R-R, Y\ R-R, IR
R,—-R, \ R, R, R,-R, | R, —R, R,-R, |\ R, —R,

(154.8-636.0)(7548-4511) (o )0y (754.8-911.3)(754.8-45L) 0.

(911.3-636.0)(911.3 - 451.1) (636.0 —911.3)(636.0 — 451.1)

, (754.8-911.3)(7548-636.0) .\ 1o
(451.1-911.3)(451.1- 636.0)

T(754.8) =

— (0.28478)(30.131) + (0.93372)(40.120) + (—0.21850)(50.128)
= 35.089°C

The absolute relative approximate error |ea| obtained between the results from the first and

second order polynomial is

35.089 — 35.809)
35.089 |

=2.0543%

x100

.| =



Cubic Interpolation

For the third order polynomial (also called cubic interpolation), we choose the velocity given by
3
v(t) = Z L, (t)V(ti)
i=0

=L, (t)V(to) +L (t)V(tl) +L, (t)V(tz) + L, (t)V(ts)

700 T T T T T T

,602.97,

600

Ys
XX
f(range)

500

f(x desired)

><>< \ 400

300

227.04, 200 ] ] ] ] ] ]
10
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Example

Thermistors are based on materials’ change in resistance with
temperature. A manufacturer of thermistors makes the following
observations on a thermistor. Determine the temperature
corresponding to 754.8 ohms using the Lagrangian method for
cubic interpolation.

Temperature vs. Resistance
55 . . . .
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Cubic Interpolation (contd)

R, =1101.0, T(R,)=25.113 R, =911.3, T(R,)=30.131
R, =636.0, T(R,)=40.120 R, =451.1, T(R,)=50.128
3 R-R, R-R, \ R-R,  R-R
LO(R) = H ) = L 1 J[ 2 J( 3 J 50 [~ -
2 R,-R, (R,—R, \R,—R, \R, R, .
s R-R, (R-R, Y R-R, Y R-R,) %% .| |
L=l =R :(R "R )[R r j[R —st (e
}zf 1 i 1 0 1 2 1 3 XX, L |
j=2 . 25113, o5 ! | ! ! ! !

L(R)_ﬁ R-R, _(R—Ro J(R—le{R—&J |
2 jfoRz_R' R, =Ry AR, =R, A R, =R,

400 500 600 700 800 900 1000 1100 1200
4511, X5, FaNge, X esired 1.101x10°,
R—-R, J( R-R, J( R-R, J
I:\)3_R0 RS_Rl Re_Rz
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Cubic Interpolation (contd)

T(R):( R-R, | R-R, ( R-R, TR R-R, Y R=R, | R-R, )T(Rl)
R,-R,\R,—R, A\ R,— R, R-R, \RR-R, \ R, —R,
{ R-R, | R-R, ] R-R, TR R-R, \ R-R, | R-R, jT(Rs)
Rz_Ro R2_R1 Rz_Rs Rs_Ro R3_R1 Rs_Rz
R, <R<R,
T(754.8) = (754.8 —911.3)(754.8 — 636.0)(754.8 — 451.1) (25.113)
(1101.0 —911.3)(1101.0 — 636.0)(1101.0 — 451.1)
N (754.8-1101.0)(754.8 — 636.0)(754.8 — 451.1) (30.131)

(911.3-1101.0)(911.3 - 636.0)(911.3— 451.1)
, (7548-1101.0)(7548 -9113)(754.8-45L1) (.
(636.0 —1101.0)(636.0 — 911.3)(636.0 — 451.1)
, (754.8-1101.0)(754.8 -911.3)(754.8636.0) () /o)
(451.1-1101.0)(451.1—911.3)(451.1— 636.0)
= (~0.098494)(25.113) + (0.51972)(30.131) + (0.69517)(40.120) + (-0.11639)(50.128)
= 35.242°C

)
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Cubic Interpolation

The absolute percentage relative approximate error, \ea\ between second
and third order polynomial is

35.242 —35.089
35.242

=0.43458%

x100

el
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Comparison Table

Order of
Polynomial 1 - .
Temperature °C 35.809 35.089 35.242
Absolute Relative | 5 0543% | 0.43458%

Approximate Error




Actual Calibration

The actual calibration curve used by industry is given by

1 3 1 1 1 1 L
7=y TR TRy T TRy TP Ry T " P TRy

substituting y = % and x =InR, the calibration curve is given by

Y(X) = I—o (X)y(xo) + I—l(X)Y(Xi) + I—2 (X)y(xz) + I—3 (X)Y(Xs)

Find the calibration curve and find the temperature corresponding to 754.8 ohms. What is the difference
between the results from cubic interpolation? In which method is the difference larger, if the actual

measured value at 754.8 ohms is 35.285°C ?

R (Q) T( C) x (In R) y (1/T)
1101.0 25.113 7.0040 0.039820
911.3 30.131 6.8149 0.033188
636.0 40.120 6.4552 0.024925
451.1 50.128 6.1117 0.019949

19



Actual Calibration

Y(X)::Lﬂ(X)Y(Xo)*'Li(X)y(X1)+'Lz(X)Y(X2)+'L3(X)Y(X3)

X, = 7.0040, y(x,)=0.039820 x, = 6.8149, y(x,)=0.033188

X, = 6.4552, y(x,)=0.024925 X, = 6.1117, y(x,)=0.019949

Xl_XO Xl_XZ

3 X=X, X=X, | X=X, || X=X, T XX [ X=X [ X=X | X=X
o= !:I X; (Xo X ](Xo“xz](xo“xsj lﬂ(X)__Ii[ - j__( j[ j[ Xs]

X, —

fﬁX—X- X=X, |[ X=X | X=X II
J#

20

j¢3
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Actual Calibration

X=X, (x—x?,jy(XO)J{x—xo X=X, | X=X, o)
X X,

_( X—X
Xo =X Xy — X, —Xp X; — X, X — X5
!XOSXSXS
X—X X—X X—X X—X X—X X—X
0 1 3 0 1 2
+ y(X;) + y(X3)
Xz_Xo Xs

Xy =X, \ X, = X5 — X N\ Xg =X \ X3 =X,

x =1n(754.8) = 6.6265

J(6.6265) - (6.6265 — 6.8149)(6.6265 — 6.4552)(6.6265 — 6.1117) (0.039820)
(7.0040 — 6.8149)(7.0040 — 6.4552)(7.0040 — 6.1117)

, (66265 -7.0040)(6.6265 - 6.4552)(6.6265—6.1117) | 100 o
(6.8149 — 7.0040)(6.8149 — 6.4552)(6.8149 — 6.1117) *

. (6.6265-7.0040)(6.6265—6.8149)(6.6265—6.1117) | 1oy
(6.4552 — 7.0040)(6.4552 — 6.8149)(6.4552 — 6.1117) *

, (6.6265-7.0040)(6.6265 6.8149)(6.6265 - 6.4552) 0 040
(6.1117 — 7.0040)(6.1117 — 6.8149)(6.1117 — 6.4552) *

= (~0.17938)(0.039820) + (0.69585)(0.033188) + (0.54005)(0.024925)
+(~0.056519)(0.019949)

=0.028285

y(X)




22

,lActulaI (;alibration

Finally, since Y == y  0.028285

Since the actual measured value at 754.8 ohms is 35.285°C, the
absolute relative true error for the third order polynomial

approximation is 35.285 — 35.242
35.285

=0.12253%

and for the calibration curve used by industry is
35.285—-35.355 <100

35.285

=0.19825%

Therefore, a cubic polynomial interpolant given by Lagrangian
method obtained more accurate results than the calibration curve.

x100

St| =

‘Et‘ =




Additional Resources

For all resources on this topic such as digital audiovisual
lectures, primers, textbook chapters, multiple-choice
tests, worksheets in MATLAB, MATHEMATICA, MathCad
and MAPLE, blogs, related physical problems, please
visit

http://numericalmethods.eng.usf.edu/topics/lagrange
method.html



http://numericalmethods.eng.usf.edu/topics/lagrange_method.html�
http://numericalmethods.eng.usf.edu/topics/lagrange_method.html�
http://numericalmethods.eng.usf.edu/topics/secant_method.html�

THE END

hittp://numericalmethods.eng.usf.edu
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