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Chapter 03.04

Newton-Raphson Method of Solving a Nonlinear Equation

After reading this chapter, you should be able to:
1. derive the Newton-Raphson method formula,
2. develop the algorithm of the Newton-Raphson method,
3. use the Newton-Raphson method to solve a nonlinear equation, and
4. discuss the drawbacks of the Newton-Raphson method.
Introduction

Methods such as the bisection method and the false position method of finding roots of a nonlinear equation 
[image: image142.wmf] require bracketing of the root by two guesses.  Such methods are called bracketing methods.  These methods are always convergent since they are based on reducing the interval between the two guesses so as to zero in on the root of the equation.

In the Newton-Raphson method, the root is not bracketed.  In fact, only one initial guess of the root is needed to get the iterative process started to find the root of an equation.  The method hence falls in the category of open methods.  Convergence in open methods is not guaranteed but if the method does converge, it does so much faster than the bracketing methods.
Derivation
The Newton-Raphson method is based on the principle that if the initial guess of the root of 
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-axis is an improved estimate of the root (Figure 1).

Using the definition of the slope of a function, at 
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Equation (1) is called the Newton-Raphson formula for solving nonlinear equations of the form 
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.  So starting with an initial guess, 
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, one can find the next guess, 
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, by using Equation (1).  One can repeat this process until one finds the root within a desirable tolerance.

Algorithm

The steps of the Newton-Raphson method to find the root of an equation 
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  are

1. Evaluate 
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 symbolically

2. Use an initial guess of the root, 
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, to estimate the new value of the root, 
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3. Find the absolute relative approximate error 
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4. Compare the absolute relative approximate error with the pre-specified relative error tolerance, 
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.  If 
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, then go to Step 2, else stop the algorithm.  Also, check if the number of iterations has exceeded the maximum number of iterations allowed.  If so, one needs to terminate the algorithm and notify the user.
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	                           Figure 1  Geometrical illustration of the Newton-Raphson method.

	


Example 1

You are working for a start-up computer assembly company and have been asked to determine the minimum number of computers that the shop will have to sell to make a profit. The equation that gives the minimum number of computers 
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 to be sold after considering the total costs and the total sales is
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Use the Newton-Raphson method of finding roots of equations to find the minimum number of computers that need to be sold to make a profit. Conduct three iterations to estimate the root of the above equations. Find the absolute relative approximate error at the end of each iteration and the number of significant digits at least correct at the end of each iteration.

Solution
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Let us take the initial guess of the root of 
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Iteration 1

The estimate of the root is
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The absolute relative approximate error 
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 at the end of Iteration 1 is
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The number of significant digits at least correct is 0, as you need an absolute relative approximate error of less than 
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 for one significant digit to be correct in your result.

Iteration 2

The estimate of the root is
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The absolute relative approximate error 
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 at the end of Iteration 2 is
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The number of significant digits at least correct is 1, because the absolute relative approximate error is less than 
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Iteration 3

The estimate of the root is
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The absolute relative approximate error 
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 at the end of Iteration 3 is
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Hence the number of significant digits at least correct is given by the largest value of 
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The number of significant digits at least correct in the estimated root 62.692 is 4.

Drawbacks of the Newton-Raphson Method

1. Divergence at inflection points
 If the selection of the initial guess or an iterated value of the root turns out to be close to the inflection point (see the definition in the appendix of this chapter) of the function 
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, Newton-Raphson method may start diverging away from the root.  It may then start converging back to the root.  For example, to find the root of the equation
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the Newton-Raphson method reduces to
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Starting with an initial guess of 
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, Table 1 shows the iterated values of the root of the equation.  As you can observe, the root starts to diverge at Iteration 6 because the previous estimate of 0.92589 is close to the inflection point of 
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 is zero at the inflection point). Eventually, after 12 more iterations the root converges to the exact value of 
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Table 1   Divergence near inflection point.
	Iteration
Number
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	0
	5.0000

	1
	3.6560

	2
	2.7465

	3
	2.1084

	4
	1.6000

	5
	0.92589

	6
	–30.119

	7
	–19.746

	8
	–12.831

	9
	–8.2217

	10
	–5.1498

	11
	–3.1044

	12
	–1.7464

	13
	–0.85356

	14
	–0.28538

	15
	0.039784

	16
	0.17475

	17
	0.19924

	18
	0.2
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Figure 2   Divergence at inflection point for 
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2. Division by zero 
For the equation 
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the Newton-Raphson method reduces to 
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For 
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, division by zero occurs (Figure 4).  For an initial guess close to 0.02 such as 
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, one may avoid division by zero, but then the denominator in the formula is a small number.  For this case, as given in Table 2, even after 9 iterations, the Newton-Raphson method does not converge.

Table 2   Division by near zero in Newton-Raphson method.
	Iteration 
Number
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	         Figure 3   Pitfall of division by zero or a near zero number.


3. Oscillations near local maximum and minimum 
Results obtained from the Newton-Raphson method may oscillate about the local maximum or minimum without converging on a root but converging on the local maximum or minimum. Eventually, it may lead to division by a number close to zero and may diverge.

For example, for
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 the equation has no real roots (Figure 4 and Table 3).
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	        Figure 4   Oscillations around local minima for 
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Table 3   Oscillations near local maxima and minima in Newton-Raphson method.

	Iteration 
Number
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4. Root jumping 
In some case where the function 
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 is oscillating and has a number of roots, one may choose an initial guess close to a root.  However, the guesses may jump and converge to some other root.  For example for solving the equation 
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Table 4   Root jumping in Newton-Raphson method.
	Iteration 
Number
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	Figure 5   Root jumping from intended location of root for 
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Appendix A. What is an inflection point?
For a function 
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, the point where the concavity changes from up-to-down or down-to-up is called its inflection point.  For example, for the function 
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Appendix B. Derivation of Newton-Raphson method from Taylor series

Newton-Raphson method can also be derived from Taylor series.  For a general function 
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, the Taylor series is
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As an approximation, taking only the first two terms of the right hand side,
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and we are seeking a point where 
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which gives
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This is the same Newton-Raphson method formula series as derived previously using the geometric method.
	NONLINEAR EQUATIONS
	

	Topic
	Newton-Raphson Method-More Examples 

	Summary
	Examples of Newton-Raphson Method

	Major
	Industrial Engineering

	Authors
	Autar Kaw

	Date
	November 14, 2012

	Web Site
	http://numericalmethods.eng.usf.edu




f (x)





f (xi)





f (xi+1)





    xi+2





    xi+1





    xi





    x





    θ





[xi,  f (xi)]





� EMBED Equation.3  ���








03.04.1


[image: image141.wmf]_1308387521.unknown

_1414436323.unknown

_1414436331.unknown

_1414436339.unknown

_1414436343.unknown

_1414436347.unknown

_1414436349.unknown

_1414436351.unknown

_1414436353.unknown

_1414436354.unknown

_1414436352.unknown

_1414436350.unknown

_1414436348.unknown

_1414436345.unknown

_1414436346.unknown

_1414436344.unknown

_1414436341.unknown

_1414436342.unknown

_1414436340.unknown

_1414436335.unknown

_1414436337.unknown

_1414436338.unknown

_1414436336.unknown

_1414436333.unknown

_1414436334.unknown

_1414436332.unknown

_1414436327.unknown

_1414436329.unknown

_1414436330.unknown

_1414436328.unknown

_1414436325.unknown

_1414436326.unknown

_1414436324.unknown

_1414436315.unknown

_1414436319.unknown

_1414436321.unknown

_1414436322.unknown

_1414436320.unknown

_1414436317.unknown

_1414436318.unknown

_1414436316.unknown

_1308388639.unknown

_1414436313.unknown

_1414436314.unknown

_1308388648.unknown

_1308388734.unknown

_1308387752.unknown

_1308388123.unknown

_1308388377.unknown

_1308387803.unknown

_1308387915.unknown

_1308387596.unknown

_1308387692.unknown

_1308387709.unknown

_1308387654.unknown

_1308387530.unknown

_1308387554.unknown

_1283164483.unknown

_1308385285.unknown

_1308387218.unknown

_1308387388.unknown

_1308387471.unknown

_1308387380.unknown

_1308386343.unknown

_1308386770.unknown

_1308385389.unknown

_1301855973.unknown

_1301856185.unknown

_1301857496.unknown

_1301858532.unknown

_1301857999.unknown

_1301856758.unknown

_1301856312.unknown

_1301856026.unknown

_1286636078.unknown

_1301855771.unknown

_1301855839.unknown

_1286636170.unknown

_1286636185.unknown

_1286636116.unknown

_1286636031.unknown

_1286636054.unknown

_1286635979.unknown

_1286635630.unknown

_1286635689.unknown

_1286635131.unknown

_1283009384.unknown

_1283011493.unknown

_1283011679.unknown

_1283012270.unknown

_1283012313.unknown

_1283012430.unknown

_1283012431.unknown

_1283012429.unknown

_1283012283.unknown

_1283012133.unknown

_1283012211.unknown

_1283011797.unknown

_1283012025.unknown

_1283011704.unknown

_1283011504.unknown

_1283011671.unknown

_1283011498.unknown

_1283010923.unknown

_1283010956.unknown

_1283011018.unknown

_1283011122.unknown

_1283011149.unknown

_1283011046.unknown

_1283010998.unknown

_1283010942.unknown

_1283010725.unknown

_1283010862.unknown

_1283009389.unknown

_1283008274.unknown

_1283008845.unknown

_1283008930.unknown

_1283009375.unknown

_1283008874.unknown

_1283008673.unknown

_1283008714.unknown

_1283008306.unknown

_1283007260.unknown

_1283008235.unknown

_1283007116.unknown

_1283007227.unknown

_1283007078.unknown

