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What is Interpolation ?
Given (x0,y0), (x1,y1), …… (xn,yn), find the value of ‘y’ at a 
value of ‘x’ that is not given.

Figure 1 Interpolation of discrete.
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Interpolants

Polynomials are the most common 
choice of interpolants because they 
are easy to:

Evaluate
Differentiate, and 
Integrate
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Direct Method
Given ‘n+1’ data points (x0,y0), (x1,y1),………….. (xn,yn),
pass a polynomial of order ‘n’ through the data as given
below:

where a0, a1,………………. an are real constants.
 Set up ‘n+1’ equations to find ‘n+1’ constants. 
 To find the value ‘y’ at a given value of ‘x’, simply 

substitute the value of ‘x’ in the above polynomial.

.....................10
n

n xaxaay +++=
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Example
A trunnion is cooled 80°F to − 108°F. Given below is the table of 
the coefficient of thermal expansion vs. temperature. Determine 
the value of the coefficient of thermal expansion at T=−14°F using 
the direct method for linear interpolation.

Temperature 
(oF)

Thermal Expansion 
Coefficient (in/in/oF)

80 6.47 × 10−6

0 6.00 × 10−6

−60 5.58 × 10−6

−160 4.72 × 10−6

−260 3.58 × 10−6

−340 2.45 × 10−6
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Linear Interpolation

Solving the above two equations gives,

Hence

( ) TaaT 10 +=α

( ) ( ) 6
10 1000600 −×=+= .aaα

( ) ( ) 6
10 105856060 −×=−+=− .aaα

504540353025201510
5.5

5.6

5.7

5.8

5.9

6

5.58

y s

f range( )

f x desired( )

x s1
10+x s0

10− x s range, x desired,
00.60 =a ×10−6  007.01 =a ×10−6 

( ) .TT,..Tα 06010007010006 66 ≤≤−×+×= −−  

( ) ( )141000701000614 66 −×+×=− −− ..α Finin °×= − //10902.5 6   
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Example
A trunnion is cooled 80°F to − 108°F. Given below is the table of 
the coefficient of thermal expansion vs. temperature. Determine 
the value of the coefficient of thermal expansion at T=−14°F using 
the direct method for quadratic interpolation.

Temperature 
(oF)

Thermal Expansion 
Coefficient (in/in/oF)

80 6.47 × 10−6

0 6.00 × 10−6

−60 5.58 × 10−6

−160 4.72 × 10−6

−260 3.58 × 10−6

−340 2.45 × 10−6
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Quadratic Interpolation

Solving the above three equations gives

Quadratic Interpolation
( ) 2

210 TaTaaT ++=α
( ) ( ) ( ) 62

210 1047.6808080 −×=++= aaaα  

( ) ( ) ( ) 62
210 1000.6000 −×=++= aaaα  

( ) ( ) ( ) 62
210 1058.5606060 −×=−+−+=− aaaα  

6
0 1000.6 −×=a  9

1 105179.6 −×=a   12
2 100357.8 −×−=a  
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Quadratic Interpolation (contd)

60 40 20 0 20 40 60 80
5.4

5.6

5.8

6

6.2

6.4

6.66.47

5.58

y s

f range( )

f x desired( )

8060− x s range, x desired,

%087605.0

100
1090725

1090251090725
6

66

=

×
×

×−×
=∈ −

−−

.
..

a

( ) ( ) ( )
6

21296

1090725
1410035781410517961000614

−

−−−

×=

−×−−×+×=−

.
...α

( )
8060

1003578105179610006 21296

≤≤−
×−×+×= −−

T
,T.T..Tα -

The absolute relative approximate error
obtained between the results from 

the first and second order polynomial is
a∈
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Example
A trunnion is cooled 80°F to − 108°F. Given below is the table of 
the coefficient of thermal expansion vs. temperature. Determine 
the value of the coefficient of thermal expansion at T=−14°F using 
the direct method for cubic interpolation.

Temperature 
(oF)

Thermal Expansion 
Coefficient (in/in/oF)

80 6.47 × 10−6

0 6.00 × 10−6

−60 5.58 × 10−6

−160 4.72 × 10−6

−260 3.58 × 10−6

−340 2.45 × 10−6
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Cubic Interpolation
( ) 3

3
2

210 TaTaTaaT +++=α

6
0 1000.6 −×=a   9

1 1047866 −×= .a         

12
2 1019948 −×−= .a      15

3 1018458 −×= .a  

( ) ( ) ( ) ( )33
2

210
6 8080801047680 aaaa.α +++=×= −  

( ) ( ) ( ) ( )33
2

210
6 000100060 aaaa.α +++=×= −

 ( ) ( ) ( ) ( )33
2

210
6 6060601058560 −+−+−+=×=− − aaaa.α  

( ) ( ) ( ) ( )33
2

210
6 16016016010724160 −+−+−+=×=− − aaaa.α  

Solving the above equations gives
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Cubic Interpolation (contd)

200 150 100 50 0 50 100
4.5

5

5.5

6

6.56.47

4.72

y s

f range( )

f x desired( )

80160− x s range, x desired,

( ) 8016010184581019948104786610006 31521296 ≤≤−×+×−×+×= −−− T,T.T.T..Tα - , 

( ) ( ) ( ) ( )
Fin/in/109077.5

1410184581410199481410478661000614
6

31521296

°×=

−×+−×−−×+×=−
−

−−−− ....α
 

%0083867.0

100
1090775

10907251090775
6

66

=

×
×

×−×
=∈ −

−−

.
..

a

The absolute relative approximate 
error       obtained between the 
results from the second and third 
order polynomial is

a∈
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Comparison Table

Order of Polynomial 1 2 3 
Thermal Expansion 

Coefficient (in/in/oF) 5.902×10−6 5.9072×10−6 5.9077×10−6 

Absolute Relative 
Approximate Error ---------- 0.087605% 0.0083867% 
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Reduction in Diameter
The actual reduction in diameter is given by

where Tr = room temperature (°F)
Tf = temperature of cooling medium (°F)

Since Tr = 80 °F and Tr = −108 °F,  

Find out the percentage difference in the reduction in the 
diameter by the above integral formula and the result 
using the thermal expansion coefficient from the cubic 
interpolation.

∫
−

=∆
108

80

dTDD α

∫=∆
Tf

Tr

dTDD α
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Reduction in Diameter
We know from interpolation that

( )
80160

,101845.8101944.8104786.61000.6 31521296

≤≤−
×+×−×+×= −−−−

T
TTTTα

Therefore,

( )

6

180

80

4
15

3
12

2
96

108

80

31521296

109.1105

4
101845.8

3
101944.8

2
104786.61000.6

101845.8101944.8104786.61000.6

−

−

−−−−

−
−−−−

×−=









×+×−×+×=

×+×−×+×=

=
∆

∫

∫

TTTT

dTTTT

dT
D
D f

r

T

T

α
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Reduction in diameter
Using the average value for the coefficient of thermal 
expansion from cubic interpolation

( )
( )
6

6

106.1110
80108109077.5

−

−

×−=

−−×=

−=

∆=
∆

rf TT

T
D
D

α

α

The percentage difference would be

( )

%42775.0

100
109.1105

106.1110109.1105
6

66

=

×
×−

×−−×−
=∈ −

−−

a



Additional Resources
For all resources on this topic such as digital audiovisual 
lectures, primers, textbook chapters, multiple-choice 
tests, worksheets in MATLAB, MATHEMATICA, MathCad 
and MAPLE, blogs, related physical problems, please 
visit

http://numericalmethods.eng.usf.edu/topics/direct_met
hod.html
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THE END
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