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Chapter 08.04  
Runge-Kutta 4th Order Method for  
Ordinary Differential Equations 
 
 
 
 
 

After reading this chapter, you should be able to 
1. develop Runge-Kutta 4th order method for solving ordinary differential equations, 
2. find the effect size of step size has on the solution, 
3. know the formulas for other versions of the Runge-Kutta 4th order method 

 
What is the Runge-Kutta 4th order method? 
Runge-Kutta 4th order method is a numerical technique used to solve ordinary differential 
equation of the form 

 ( ) ( ) 00,, yyyxf
dx
dy

==  

So only first order ordinary differential equations can be solved by using the Runge-Kutta 4th 

order method.  In other sections, we have discussed how Euler and Runge-Kutta methods are 
used to solve higher order ordinary differential equations or coupled (simultaneous) 
differential equations. 
  
How does one write a first order differential equation in the above form? 
 
Example 1  
Rewrite 

 ( ) 50,3.12 ==+ − yey
dx
dy x  

in  

0)0(  ),,( yyyxf
dx
dy

==  form. 
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Solution 

 ( ) 50,3.12 ==+ − yey
dx
dy x  

 ( ) 50,23.1 =−= − yye
dx
dy x  

In this case 
 ( ) yeyxf x 23.1, −= −  
 
Example 2 
Rewrite 

 ( ) 50  ),3sin(222 ==+ yxyx
dx
dye y  

in  

0)0(  ),,( yyyxf
dx
dy

==  form. 

 
Solution 

 ( ) 50  ),3sin(222 ==+ yxyx
dx
dye y  

 ( ) 50  ,)3sin(2 22

=
−

= y
e

yxx
dx
dy

y  

In this case 

 ( ) ye
yxxyxf

22)3sin(2, −
=  

The Runge-Kutta 4th order method is based on the following 
 ( )hkakakakayy ii 443322111 ++++=+                                                                         (1) 
where knowing the value of iyy =  at ix , we can find the value of 1+= iyy  at 1+ix , and 
 ii xxh −= +1  
Equation (1) is equated to the first five terms of Taylor series 
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Knowing that  ( )yxf
dx
dy ,=  and hxx ii =−+1  

 ( ) ( ) ( ) ( ) 4'''3''2'
1 ,

!4
1,

!3
1,

!2
1, hyxfhyxfhyxfhyxfyy iiiiiiiiii ++++=+                    (3) 

Based on equating Equation (2) and Equation (3), one of the popular solutions used is  

  ( )hkkkkyy ii 43211 22
6
1

++++=+                                                                              (4) 
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 ( )ii yxfk ,1 =                                                                                                   (5a) 

 






 ++= hkyhxfk ii 12 2

1,
2
1

                                                                                        (5b) 

 





 ++= hkyhxfk ii 23 2

1,
2
1                                                                            (5c) 

 ( )hkyhxfk ii 34 , ++=                                                                                              (5d) 
 
Example 3 

A solid steel shaft at room temperature of C 27 o is needed to be contracted so that it can be 
shrunk-fit into a hollow hub.  It is placed in a refrigerated chamber that is maintained at 

C 33 o− .  The rate of change of temperature of the solid shaft θ  is given by 

( )33
588510425

103511033210693
10335

2

233546
6 +


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






+×+

+×+×+×−
×−=

−

−−−
− θ

.θ.
θ.θ.θ.

.
dt
dθ  

( ) C 270 °=θ  
Using the Runge-Kutta 4th order method, find the temperature of the steel shaft after 86400  
seconds.  Take a step size of 43200=h  seconds.  
Solution 

( )33
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−

−−−
− θ

.θ.
θ.θ.θ.
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 ( ) ( )33
588510425

103511033210693
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+×+
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−−−
− θ

.θ.
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.t,θf  

 ( )hkkkkii 43211 22
6
1

++++=+ θθ  

For 0=i , 00 =t , 720 =θ  

 ( )001 ,θtfk =  
 ( )27,0f=  

      
( ) ( )
( ) ( )
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588.5271042.5271035.1

271033.2271069.3
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223

3546
6   

       0.0020893−=  
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 ++= hkhtfk 1002 2

1,
2
1 θ

 

       ( ) 





 −++= 432000020893.0

2
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2
10f  

( )129.18 ,21600 −= f        
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 

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2
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      ( ) 

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2
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10f  
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                 0018924.0−=  
 ( )hkhtfk 3004  , ++= θ  
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 ( )43200010104.0
6
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       C 749.45 °−=  
1θ  is the approximate temperature at 

 httt +== 01 432000 += s 43200=  
 ( ) C 749.4543200 1 °−=≈ θθ  
For 749.45 ,43200 ,1 11 −=== θti  
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         ( )038.64,64800 −= f    
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       C 100105.1 23 °×−=  
2θ  is the approximate temperature at 

 httt +== 12 4320043200 += s 86400=  
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 ( ) C 100105.186400 23
2 °×−=≈ θθ  

 
The solution to this nonlinear equation at s86400=t  is 
 C 099.26)86400( °−=θ  
 
Figure 1 compares the exact solution with the numerical solution using Runge-Kutta 4th order 
method using different step sizes. 

 

 
Figure 1 Comparison of Runge-Kutta 4th order method with exact solution   for 
different step sizes. 

 
Table 1 and Figure 2 shows the effect of step size on the value of the calculated temperature 
at s86400=t . 

 
Table 1  Value of temperature at 86400 seconds for different step sizes. 

 
 
 
 
 
 
 
 

Step size, h  ( )86400θ  tE  %|| t∈  

86400 
43200 
21600 
10800 
5400 

28103468.5 ×−  
23100105.1 ×−  

−26.061 
−26.094 
−26.097 

28103468.5 ×−  
23100205.1 ×−  

−0.038680 
−0.0050630 
−0.0015763 

29100487.2 ×  
23108718.3 ×  

0.14820 
0.019400 
0.0060402 
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Figure 2  Effect of step size in Runge-Kutta 4th order method. 

 
 
In Figure 3, we are comparing the exact results with Euler’s method (Runge-Kutta 1st order 
method), Heun’s method (Runge-Kutta 2nd order method) and Runge-Kutta 4th order method. 
 
 
 
 



08.04.8                                                        Chapter 08.04 

 

Figure 3  Comparison of Runge-Kutta methods of 1st, 2nd, and 4th order. 
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