Chapter 08.04
Runge-Kutta 4th Order Method for
Ordinary Differential Equations

After reading this chapter, you should be able to

1. develop Runge-Kutta 4" order method for solving ordinary differential equations,
2. find the effect size of step size has on the solution,

3. know the formulas for other versions of the Runge-Kutta 4" order method

What is the Runge-Kutta 4th order method?

Runge-Kutta 4™ order method is a numerical technique used to solve ordinary differential
equation of the form

% = f(x, ) »(0)=y,

So only first order ordinary differential equations can be solved by using the Runge-Kutta 4™
order method. In other sections, we have discussed how Euler and Runge-Kutta methods are
used to solve higher order ordinary differential equations or coupled (simultaneous)
differential equations.

How does one write a first order differential equation in the above form?

Example 1

Rewrite
ﬂ+2y =1.3¢™,y(0)=5
dx

in

d
—dy = £(x,3), ¥(0) =y, form.
X
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Solution
Yoy 1367, 5(0)=5
dx
Y 1307 2y,)(0)=5
dx

In this case
flx,y)=13¢" -2y

Example 2
Rewrite
e’ v, x’y? =2sin(3x), ¥(0)=5
dx
in
dy
—= f(x,y), ¥(0) =y, form.
dx
Solution

e’ zy +x?y? =2sin(3x), ¥(0)=5

X

dy _ 2sin(3x) — x> > ’ y(0)= 5

dx e’
In this case
2sin(3x) — x> y*
floey) = 22BDZ 2y
The Runge-Kutta 4™ order method is based on the following
Yier = Vi +(a1k1 +a,k, +ask, +a4k4)h (1
where knowing the value of y = y, at x,, we can find the value of y=y,,, at x,,,, and
h=x,—x
Equation (1) is equated to the first five terms of Taylor series
B dy 1d°y , 1d’y 3
Yin = Vi +a X, (xi+] _xi)+?!W X, (xi+1 _xi) +§W X, (xm _xi) @
1 d4y 4
+Z!W 5.9 (Xm —Xi)
. dy
Knowing that e f(x,y)and x,,, —x, = h
X
1 ' 1 " 1 "
Yiee = Vi +f(xi’yi)h+5f (xi’yi)hz +§f (xi>yi)h3 +Zf (‘xi’yi)h4 3)

Based on equating Equation (2) and Equation (3), one of the popular solutions used is

Vi =V, + é(kl + 2k, + 2k, + Kk, )b 4)
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ky = f(x. ;) (5a)
kzzf(x+lhyl+ khj

2 (5b)

= [x +;h,yi+lk2hj (5¢)

= f(x, + h,y, + kyh) (5d)

Example 3

A solid steel shaft at room temperature of 27 °Cis needed to be contracted so that it can be
shrunk-fit into a hollow hub. It is placed in a refrigerated chamber that is maintained at

—33 °C. The rate of change of temperature of the solid shaft @ is given by

do —3.69x10°0* +233x107°6% +1.35x107° 0% +

= =-533%x10"° (0+33)
dr +5.42x107%60 +5.588
6(0)=27 °C

Using the Runge-Kutta 4™ order method, find the temperature of the steel shaft after 86400
seconds. Take a step size of & =43200 seconds.

Solution
—3.69%x107°0* +233x107°0> +135%x107°62
40 _ _533%10°¢ ~ ~ ~ (6 +33)
dt +542x107%260 +5.588

—369%x10°0% +233x107°60° +1.35%x10°6>

f(66)=-533x10"°
+542x107%20 +5.588

J(e +33)

0., =0, +%(k1 + 2k, + 2k, +k, b
Fori=0,1t,=0, 6, =27
kl =f(l‘0,6’0)
= /(0.27)

s 33510 ~309% 10°(27)" +2.33x107°(27)° (274 33)
= —J. X
+1.35x107(27) +5.42x107(27)+5.588

=-0.0020893
1 1
k2 = f(fo +Eh,HO +§k1hj

~ f(o + %43200 27+ %(— 0.0020893)43200)

= £(21600,-18.129)

L [ 3.69x10°(~18.129)" +2.33x 105 (- 18.129)
5.33x10"

) ~18.129 +33)
+1.35x107°(—18.129)* +5.42x107*(~18.129)+ 5.588
=-0.00035761
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1 1
ky = f(to +h0, +5k2h]

= f(O + %43200,27 + %(— 0.00035761)43200)

= £(21600,19.276)

5335104 ~3:69% 107°(19.276)" +2.33x107°(19.276)’ (19276 +33)
=] —2.03X .
+1.35x107°(19.276)* +5.42x1072(19.276)+ 5.588

=-0.0018924

fle, + 1,6, +kh)

£(0+43200,27 +(~0.0018924 43200)
£(43200,-54.751)

533510 ~3.69x107°(-54.751)" +2.33x107° (- 54.751)’ (547514 33)
= —=J. X - .
+1.35x107° (= 54.751)* +5.42x107(~ 54.751)+ 5.588

k4

=-0.0035147
0, =0, +%(k1 + 2k, +2k; + k,)h

=27+ é(— 0.0020893 + 2(— 0.00035761)+ 2(— 0.0018924) + (- 0.0035147))43200

=27+ é(— 0.010104)43200

=—45.749 °C
0, is the approximate temperature at

t=t =t,+h=0+43200 = 43200s
6(43200) ~ 6, = —45.749°C
For i =1,¢, = 43200, 6, = —45.749
kl = f(thgl)
= 1(43200,-45.749)

5 33x10° ~3.69%107°(~45.749)" +2.33x107 (- 45.749)’ (45,749 + 33)
=\ —J. X - .
+1.35%x107°(—45.749)* +5.42x10 (- 45.749)+ 5.588

= —0.00084673
1 1
k, =f[z1 +ohb +5k1hj

= f(43200 + %43200,—45.749 + %(— 0.00084673)43200]
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= £(64800,-64.038)

[ 3310 7309% 107°(~64.038)" +2.33x107° (— 64.038)’ (64,038 +33)
' +1.35x107° (- 64.038)" +5.42x107* (- 64.038)+ 5.588 '

=-0.010012

1 1
k, :f(tl +oho +5k2hj

f(43200 + %43200,—45.749 + %(— 0.01001 2)43200)

= £(64800,-262.01)

533x10° ~3.69x107°(-262.01)" +2.33x107(~ 262.01)’
= —D. X
+1.35x107(-262.01)° +5.42x107* (- 262.01)+ 5.588

}(— 262.01 +33)}

-21.636

k, = f(t, +h,6, +k;h)
£(43200 + 43200,-45.749 + (-~ 21.636)43200)
f

(86400, -9.3474x10°)

~3.69x107°(-9.4374x10°)' +2.33x10°(- 9.4374x10° ]

=|—533x107 +1.35x107(~9.4374x10° | (-9.4374x10° +33)
+5.42x102(-9.4374x10° )+ 5.588

=-1.4035x10"

0, =0, +%(kl + 2k, + 2k, + k,)h

1(~-0.00084673 +2(-0.010012)
= —45.749 + — 00
6 +2(~21.636)+(~1.4035x10")

= 45749 + é(— 1.4035x 10" )43200

=-1.0105x10% °C
6, is the approximate temperature at

t=t, =t +h=43200+ 43200 = 86400s
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0(86400) ~ 9, = —1.0105x10% °C

The solution to this nonlinear equation at ¢ = 86400s is
6(86400) = —26.099 °C

Figure 1 compares the exact solution with the numerical solution using Runge-Kutta 4™ order
method using different step sizes.
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Figure 1 Comparison of Runge-Kutta 4™ order method with exact solution for
different step sizes.

Table 1 and Figure 2 shows the effect of step size on the value of the calculated temperature
at 1 =86400s .

Table 1 Value of temperature at 86400 seconds for different step sizes.

Step size, & 6(86400) E, le,| %
86400 —5.3468x10% | —5.3468x10%* | 2.0487 x10%
43200 —1.0105x10% | —1.0205x10* | 3.8718x10%
21600 -26.061 —0.038680 0.14820
10800 ~26.094 ~0.0050630 0.019400
5400 —26.097 ~0.0015763 0.0060402
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Figure 2 Effect of step size in Runge-Kutta 4™ order method.

In Figure 3, we are comparing the exact results with Euler’s method (Runge-Kutta 1% order
method), Heun’s method (Runge-Kutta 2" order method) and Runge-Kutta 4™ order method.
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Figure 3 Comparison of Runge-Kutta methods of 1%, 2" and 4™ order.
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