Chapter 07.03

Simpson’s 1/3 Rule of Integration

After reading this chapter, you should be able to
1. derive the formula for Simpson’s 1/3 rule of integration,
2. use Simpson’s 1/3 rule it to solve integrals,
3. develop the formula for multiple-segment Simpson’s 1/3 rule of integration,
4. use multiple-segment Simpson’s 1/3 rule of integration to solve integrals, and
5. derive the true error formula for multiple-segment Simpson’s 1/3 rule.

What is integration?

Integration is the process of measuring the area under a function plotted on a graph. Why
would we want to integrate a function? Among the most common examples are finding the
velocity of a body from an acceleration function, and displacement of a body from a velocity
function. Throughout many engineering fields, there are (what sometimes seems like)
countless applications for integral calculus. You can read about some of these applications in
Chapters 07.00A-07.00G.

Sometimes, the evaluation of expressions involving these integrals can become daunting, if
not indeterminate. For this reason, a wide variety of numerical methods has been developed
to simplify the integral. Here, we will discuss Simpson’s 1/3 rule of integral approximation,
which improves upon the accuracy of the trapezoidal rule.

Here, we will discuss the Simpson’s 1/3 rule of approximating integrals of the form

I= .Iif(x)dx

where
f(x) is called the integrand,

a = lower limit of integration
b = upper limit of integration

Simpson’s 1/3 Rule

The trapezoidal rule was based on approximating the integrand by a first order polynomial,
and then integrating the polynomial over interval of integration. Simpson’s 1/3 rule is an
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extension of Trapezoidal rule where the integrand is approximated by a second order
polynomial.

¥ B ff(x)dx fix)

a b X

Figure 1 Integration of a function

Method 1:
Hence

1= [ e~ [ £, o

where f,(x) is a second order polynomial given by

fL(x)=a,+ax+ azxz.

Choose
(a. /(). (“ £ ,f(“;” j] and (b, £ (b))

as the three points of the function to evaluate a,, a, and a,.

f(a)=f,(a)=aq, +a1a+a2a2

a+b a+b a+b a+bY
f[ 2 j:fz( 2 j:%”l( 2 j”z( 2 J
f(b) = f,(b) = a, +a,b+a,b’
Solving the above three equations for unknowns, a,, a, and a, give
azf(b)+abf(b)—4abf(a;bj+abf(a)+b2f(a)
a =
‘ a’ —2ab+b*
a+b
5 +3af (b) +3bf (a) — 4bf
a’ —2ab+b*

a+b
2

af(a)—4af( j+bf(b)

a, =
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2[f(a)—2f(a;b j+f(b)]

a* =2ab+b*

a, =
Then

I = ifz (x)dx

b
= J.(ao +a,x+a,x’ )dx
a

2 2 3 3
=a,(b—-a)+a, 2a +a2b 3a

Substituting values of a,, a, and a, give

[ £ = ”%’{f(a) + 4f[a . j + f(b)}

Since for Simpson 1/3 rule, the interval [a,b] is broken into 2 segments, the segment width
b—a
2
Hence the Simpson’s 1/3 rule is given by

[ o zg[f(awf(“b j+f(b)}

h=

2
Since the above form has 1/3 in its formula, it is called Simpson’s 1/3 rule.

Method 2:
Simpson’s 1/3 rule can also be derived by approximating f(x) by a second order polynomial

using Newton’s divided difference polynomial as

f,(x)=b, +b1(x—a)+b2(x—a)[x—a+bj

2
where
b, = f(a)
f[“;” j—f(a)
b, =
a+b

2
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f(b)—f(““’) f[“”’j—f(a)

2 B 2
b_a;b anrb_a
by = b—a

Integrating Newton’s divided difference polynomial gives us
b b
[ f@dx =[ £, (0dx
a ab a+b
- J[bo +b1(x—a)+b2(x—a)(x— : ﬂdx

b
2 3 )
- b0x+bl(%_axJ+b{x__(3a+b)x +a(a+b)xﬂ

3 4 2
(75 -ate-)
=b,(b—a)+b, —a(b—a)
+b2(b3 —d’_QGatb)t’-d’)  a(a +b)(b—a)J
3 4 2

Substituting values of b,, b,, and b, into this equation yields the same result as before

b {f(a)+4f(a+b j+f(b)}

f —a
;!‘f(x)dx~ 5 5

h a+b
=§{f(a)+4f( 5 ]Jrf(b)}

Method 3:

One could even use the Lagrange polynomial to derive Simpson’s formula. Notice any
method of three-point quadratic interpolation can be used to accomplish this task. In this
case, the interpolating function becomes

( a+b
x_

fz(x):(

j(x —b)

AG)

(x—a)(x—a-i_bj
(x—a)(x-b) a+bj+ 2

b f(a)+(a+b_aj(a+b_bjf( 2 (b_a)(b_a;rbj

a —

j(a —-b) 5 5

Integrating this function gets



Simpson’s 1/3 Rule of Integration

- b

xi_(a+3b)x2 +b(a+b)x ﬁ_(a+b)x2 + abx
3 4 2 3 2 a+b
a+b Jlay+ a+b a+b f( 2 j
b a— 5 (a—b) 5 —-a > -b
[ f2(0dx =
’ xi_ (3a +b)x* N a(a+b)x
43 4 2 £(b)

a+b
(b—a)[b— 5 j

. —a

b -a' _(a+3b)b’ ~a’)  bla+b)b-a)

(a— 5 j(a—b)
b3—a3_(a+b)(b2—a2) B
. 3 ) +Clb(b a)f(a;'bj

(a+b_aj(a+b_b]
2 2
b -a’ _(3a+b)(b2 —a%) N a(a+b)b—a)
43 4 2 £(b)
(b—a)(b—a;bj

Believe it or not, simplifying and factoring this large expression yields you the same result as

before
J fdr=2=E [f(a) + 4f[“ £ j + f(b)}
_h a+b
= {f(a) + 4f( : j + f(b)} .
Method 4:

Simpson’s 1/3 rule can also be derived by the method of coefficients. Assume

[ e~ f @+ cJ(%) e,/ ()

b b b
Let the right-hand side be an exact expression for the integrals I 1dx, I xdx, and j xdx. This

implies that the right hand side will be exact expressions for integrals of any linear
combination of the three integrals for a general second order polynomial. Now

b
J‘labc:b—azc1 +c,+cy
a
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a+b
=ca+c, +cb

b 3_ 3 2
szdx b c,a’ +cz(ﬂj +c,b’
3 2

a

Solving the above three equations for ¢, ¢, and ¢, give

b—a
¢ =
6
¢, = 2(b—-a)
3
b—a
¢y =
6
This gives
!f(x)dxzb%‘f(aﬂ2(”3‘“)f(“;”j+”;"f(b)
_ b—a a+b
-2 {f(a)+4f( ! j+f(b)}
=§{f<a>+4f(“;b j+f(b)}

The integral from the first method
b b
jf(x)dx ~ J.(a0 +a,x + a,x”)dx

can be viewed as the area under the second order polynomial, while the equation from
Method 4

t _b-a 20b-a) (a+b) b-a
!f(x)dx~ — @)+ == f[ : j+ — /()

can be viewed as the sum of the areas of three rectangles.

Example 1

Human vision has the remarkable ability to infer 3D shapes from 2D images. The intriguing
question is: can we replicate some of these abilities on a computer? Yes, it can be done and

to do this, integration of vector fields is required. The following integral needs to integrated.
100

I= j F(x)dx
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where
f(x)=0,0<x<30

=-91688x107°x" + 2.7961x107x* — 2.8487x107'x + 9.6778, 30<x<172
=0, 172 <x<200

a) Use Simpson’s 1/3 Rule to find the probability.
b) Find the true error, E,, for part (a).
c) Find the absolute relative true error for part (a).

Solution

a) ]zb;a{f(a)+4f(a;bj+f(b)}
a=0
b=100
a+b _ 50

f(x)=0,0<x<30
=-91688x107°x® + 2.7961x10°x* — 2.8487x107'x + 9.6778, 30<x<172
=0, 172<x<200

/(0)=0
£(100)=-9.1688x107° x (100)’ +2.7961x107 x (100)* —2.8487 x10™" x (100)+9.6778
=-0.017000
£(50)=-9.1688x107° x(50)’ +2.7961x 107 x(50)* —2.8487 x10~" x(50)+9.6778
=1.2784
1 (222) staear( 452« r0)
1000
("2 o)+ 4r(50) + rtto0)
N %J[o +4(12784)+(~0.017)]

~ 84.947

b) The exact value of the above integral is found using Maple for calculating the true error

and relative true error.
100

I= j F(x)dx

=60.793
so the true error is
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E, = True Value — Approximate Value
= 60.793 — (84.947)
=-24.154
c¢) The absolute relative true error,

€,|, would then be

|€t| _ | True Error %100 %

True Value
_[60.793 - (84.947)
60.793 |

=39.732%

x100 %

Multiple-segment Simpson’s 1/3 Rule

Just like in multiple-segment trapezoidal rule, one can subdivide the interval [a,b] into n
segments and apply Simpson’s 1/3 rule repeatedly over every two segments. Note that n
needs to be even. Divide interval [a,b] into n equal segments, so that the segment width is
given by

h:b—a
n

Now

b X,

[ £Godx = [ f(x)e
where

Xy =a

x,=b

j f(x)dx = T f(x)dx + T f(x)dx+...... + x]zf(x)dx + ] f(x)dx

Xn-4 Xp-2

Apply Simpson’s 1/3rd Rule over each interval,

[ fOde=(x, _xo){f (%) +4 féxl) + f(xz)}

+(m_xﬂﬂa%)++ﬂ%>+f@n}+m

6

+(X,5 =X, )|:

Since

fwno+4fwno+fwng}+@ . {f@nﬁ+4f@nd+f@0}
6 n n-2 6

X, =X, , =2h
i=2,4,..,n
then

if(x)dx;2h[f(x°)+4féxl)+f(xz)}+2h[f(x2)+4féx3)+f(x4)}+...



Simpson’s 1/3 Rule of Integration

» ,{f(xn_n+4f<;cn_3>+f(xn_2)}+zh{f(x,,_»+4féxn_l)+f(x,,)}

=g[f(xo)+4{f(x1)+f(x3)+---+f(xn1)}+2{f(x2)+f(x4)+---+f(xn2)}+f(xn)]

)T )+ 2 2 )+ S (3,)
[ =22 ) +4 3 10042 3 () + £(3,)
Example 2

Human vision has the remarkable ability to infer 3D shapes from 2D images. The intriguing
question is: can we replicate some of these abilities on a computer? Yes, it can be done and

to do this, integration of vector fields is required. The following integral needs to integrated.
100

[= j £(x)dx
0
where
f(x)=0, 0<x<30
=-91688x107°x> + 2.7961x10°x* — 28487 x10"'x + 9.6778, 30<x <172
=0, 172 <x<200

a) Use four segment Simpson’s 1/3 Rule to find the value of the integral
b) Find the true error, E,, for part (a).
c) Find the absolute relative true error for part (a).

Solution

a) Using n segment Simpson’s 1/3 Rule,

n—1 n-2

Iz”3n" S +4S ey +2 S e+ )
=)

n=4

a=0

b =100

b= b—a

n
100-0
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=25

f(x)=0, 0<x<30
=-91688x107°x* + 2.7961x107°x* — 2.8487x10'x + 9.6778, 30<x<172
=0, 172<x<200

£(50)=-9.1688x107° x(50)’ +2.7961x 107 x (50)* —2.8487 x 10~ x(50)+9.6778
=1.2784

flx;)= f(50+25)
= 1(75)

£(75)=-9.1688x107° x(75)’ +2.7961x 107 x (75)* —2.8487 x 10~ x(75)+9.6778
=0.17253

f(‘x4): f(xn)
= £(100)
£(100)=-9.1688x107° x (100)’ +2.7961x 107 x (100)* —2.8487 x10™" x (100)+9.6778
=0.017000

z”ﬁ"[ﬂxoﬂfzf(xinz "Zf(xi)+f<x,,)}

i=odd i=even

1000
~ 3(4){ 4Zf +22f +f100}

i= odd i=even

z%[f(o)‘f“‘f(xl)"‘4]((363)"'2f(xz)"'f(100)]

~ ?[ £(0)+47(25)+4£(75)+2/(50)+ £(100)]
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~ %[o +4(0)+4(0.17253) + 2(1.2784) + (= 0.017000)]

~ 26917

b) The exact value of the above integral is found using Maple for calculating the true error

and relative true error.
100

I= j F(x)dx

=60.793
so the true error is
E, = True Value — Approximate Value
=60.793 - (26.917)
=33.873

c) The absolute relative true error, |€,|, would then be

True E
|€t| _ | ZTUC BITOT Y 100 %
True Value

_|60.793-(26.917) 100
60.793 | °

=55.724%

Table 1 Values of Simpson’s 1/3 Rule for Example 2 with multiple segments.

n Approximate Value E, |€t| %
2 84.947 —24.154 39.732
4 26917 33.876 55.724
6 06.606 -5.8138 9.5633
8 62.318 ~1.5252 2.5088
10 85.820 -25.023 41.169

Error in Multiple-segment Simpson’s 1/3 rule

The true error in a single application of Simpson’s 1/3rd Rule is given' by

" The / in the true error expression stands for the fourth derivative of the function f{x).
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__(b_a)S (4)
Et_ 2880 f (é/)o Cl<é/<b

In multiple-segment Simpson’s 1/3 rule, the error is the sum of the errors in each application
of Simpson’s 1/3 rule. The error in the n segments Simpson’s 1/3rd Rule is given by

(x, —x,)’
E, :_ﬁf(“(gl)a Xy <&, <x,

__P e
= 90f (<)

(x, —x,)’°
Ezz_%fm(gz), X, <¢, <x,

__RP e
= 90f (9]

(2, _x2(i—1))5 )
E, = _Wf (€)s Xty < g <Xy

__P e
= 90f (4]

_ (xnfl_xn—4)5 4
By =g | o | e < <

__ﬁ 4)
oo’ (;ZJ

(x, = %,5)"
E =——t—1 X < <X
n 2880 f é/% n-2 é,% n

Hence, the total error in the multiple-segment Simpson’s 1/3 rule is
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DR

90n* n
: )
DG
The term = is an approximate average value of /' (x), a < x <b. Hence
n
(b-a) =@
E =-
f 90n* 4
where
2 )
o A
_ =
S n
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