Chapter 04.09
Adequacy of Solutions

After reading this chapter, you should be able to:

1.

[98)

know the difference between ill-conditioned and well-conditioned systems of
equations,

define and find the norm of a matrix

define and evaluate the condition number of an invertible square matrix

relate the condition number of a coefficient matrix to the ill or well conditioning
of the system of simultaneous linear equations, that is, how much can you trust the
solution of the simultaneous linear equations.

What do you mean by ill-conditioned and well-conditioned system of equations?

A system of equations is considered to be well-conditioned if a small change in the
coefficient matrix or a small change in the right hand side results in a small change in the
solution vector.
A system of equations is considered to be ill-conditioned if a small change in the
coefficient matrix or a small change in the right hand side results in a large change in the
solution vector.

Example 1

Is this system of equations well-conditioned?

B 3.9299} m ) {7.;‘99}

Solution

The solution to the above set of equations is



Make a small change in the right hand side vector of the equations
1 2 X 4.001
2 3.999} [ y} B {7.998}
[ x -3.999
y} B { 4.000 }
Make a small change in the coefficient matrix of the equations
1.001 2.001 || x 4
2,001 3.998} { y} B {7.999}
X 3.994
[y} B {0.001388}

This last systems of equation “looks” ill-conditioned because a small change in the
coefficient matrix or the right hand side resulted in a large change in the solution vector.

gives

gives

Example 2

Is this system of equations well-conditioned?

LA

The solution to the above equations is

[ x 2

o)L

Make a small change in the right hand side vector of the equations.

MR
ek

Make a small change in the coefficient matrix of the equations.

gives



1.001 2.001|| x 4
{2.001 3.001}MZM
RS 2.003
u =[0~997}
This system of equation “looks” well conditioned because small changes in the
coefficient matrix or the right hand side resulted in small changes in the solution vector.

gives

So what if the system of equations is ill conditioned or well conditioned?

Well, if a system of equations is ill-conditioned, we cannot trust the solution as much.
Revisit the velocity problem, Example 5.1 in Chapter 5. The values in the coefficient
matrix [A] are squares of time, etc. For example, if instead of a, =25, you used

a,, =24.99, would you want this small change to make a huge difference in the solution
vector. If it did, would you trust the solution?

Later we will see how much (quantifiable terms) we can trust the solution in a system of
equations. Every invertible square matrix has a condition number and coupled with the
machine epsilon, we can quantify how many significant digits one can trust in the
solution.

To calculate the condition number of an invertible square matrix, I need to know
what the norm of a matrix means. How is the norm of a matrix defined?

Just like the determinant, the norm of a matrix is a simple unique scalar number.
However, the norm is always positive and is defined for all matrices — square or
rectangular, and invertible or noninvertible square matrices.

One of the popular definitions of a norm is the row sum norm (also called the uniform-
matrix norm). For a m xn matrix [A4], the row sum norm of [ 4] is defined as

n
Z‘azj‘

J=1

max
Jal, = ™
that is, find the sum of the absolute value of the elements of each row of the matrix [A].

The maximum out of the m such values is the row sum norm of the matrix [A4].

Example 3

Find the row sum norm of the following matrix [A].



10 -7 0
A=[-3 2.099 6
5 -1 5
Solution

max

4. =

3
=1

Z‘ar‘j‘

1<i<37
= max|(10+ |- 7]+ [o]).(~ 3] +[2.099] +|6| ). (3] + |- 1] + |3|)]
=max[(10+7+0),(3+2.099+6),(5+1+5)|

= max[17,11.099,11]

=17.

How is the norm related to the conditioning of the matrix?

Let us start answering this question using an example. Go back to the ill-conditioned
system of equations,

; 3.9299} m ) {7.;99}

that gives the solution as
X 2
i
Denotin:g the above set of equations as
[4]lx]=[c]
1., =2
I, =7.999
Making a small change in the right hand side,
1 2 x 4.001
[2 3.999} LJ - {7.998}
gives
x| [—3.999
{ y} - { 4.000 }

Denoting the above set of equations by
[4]lx]=[c]

right hand side vector is found by




[ac]=[c]-[c]
and the change in the solution vector is found by

[ax]= [r-[x]
then
[4.001 4
il
1 7.998 ] [7.999
[ 0.001
| -0.001
and
[-3.999] [2
141=) 4 000 }m
B - 5.999
| 3.000
then
|aC]|, =0.001
lAX] =5.999
The relative change in the norm of the solution vector is
Jax], _5.999
.
=2.9995
The relative change in the norm of the right hand side vector is
lac], o.001
Il 7.999
=1.250x10"*

See the small relative change of 1.250x 107" in the right hand side vector norm results in
a large relative change in the solution vector norm of 2.9995.

In fact, the ratio between the relative change in the norm of the solution vector and the
relative change in the norm of the right hand side vector is

ax], /X1, _ 29995
lac]. /|c].  1.250x107*

=23993
Let us now go back to the well-conditioned system of equations.




2 L))

gives

Denoting the system of equations by

l4]x]=[c]

|1, =2
el =7
Making a small change in the right hand side vector

1 2] x] [4.001
2 3| y| [7.001

(x| [1.999]
y| [1.001]
Denoting the above set of equations by

l4]x]=[c]

the change in the right hand side vector is then found by

[Ac)=[c]-[c]

and the change in the solution vector is

[ax]=[x)-[x]
e[ 3]
{zzzﬂ

sa-[so[]
{

0. 001}

gives

then

and

0.001
then



|ac|. =0.001

|aAX|, =0.001
The relative change in the norm of solution vector is
Jax], _o.001
€l 2
=5x107"
The relative change in the norm of the right hand side vector is
|ac],. _ 0.001
e, 7
=1.429x10"*

See the small relative change in the right hand side vector norm of 1.429x107* results in
the small relative change in the solution vector norm of 5x107*.

In fact, the ratio between the relative change in the norm of the solution vector and the
relative change in the norm of the right hand side vector is

[ax], AX], _ 5x10=*

lacl, el 1a29x10~4
~35

What are some of the properties of norms?

A|=0

For a matrix [A4],

For a matrix [A4] and a scalar k,

ke = k]| 4]

For two matrices [ A] and [B] of same order,

A+ Bl <[] +[5]
For two matrices [A4] and [B] that can be multiplied as [A4][B],

b=

48| <| 4] |8]

Is there a general relationship that exists between ||AX || /||X || and ||AC|| /||C|| or

between [AX]/|X| and |A4|/|4| ? If so, it could help us identify well-conditioned and
ill conditioned system of equations.



If there is such a relationship, will it help us quantify the conditioning of the matrix?
That is, will it tell us how many significant digits we could trust in the solution of a
system of simultaneous linear equations?

There is a relationship that exists between

lax] |ac]

] el
and between

x| ad]
ol 4]
These relat1onsh1ps are
4!

IIACII

and

<t i
| +ax] ]

The above two inequalities show that the relative change in the norm of the right hand

side vector or the coefficient matrix can be amplified by as much as | HA”H .

This number | 4| HA’IH is called the condition number of the matrix and coupled with the

machine epsilon, we can quantify the accuracy of the solution of [4][X]=[C].

Prove for

[4][X]=[C]
that

B e

| +ax] 4]
Proof
Let

[4][x]=[c] 1)
Then if [4] is changed to [4'], the [X] will change to [X"], such
that

[4][x]=[C] )



From Equations (1) and (2),
[4]lx]=[4][x]

Denoting change in [ 4] and [ X] matrices as [AA] and [AX ], respectively
[A4]=[41]-[4]
[Ax]=[x]-[x]

[4][x]= 4]+ [a4a] ([ x ]+ [ax])
Expanding the above expression

[4]lx]= [4][x]+[4][ax]+[ad][x ]+ [a4][ax]

[01=[4][ax ]+ [a4] ([x]+ [Ax])

-[4]ax]=[a4](x]+[ax])

[ax]=—{4]"[a4)[x]+[ax])
Applying the theorem of norms, that the norm of multiplied matrices is less than the
multiplication of the individual norms of the matrices,

Jax] <~ ladfx + ax]
Multiplying both sides by | 4|
|l <4l +ax]
|2%] Ad]

reagl il

then

How do I use the above theorems to find how many significant digits are correct in
my solution vector?

The relative error in a solution vector norm is < Cond (A) xrelative error in right hand
side vector norm.

The possible relative error in the solution vector norm is < Cond (A)x €

mach

Hence Cond (A)x €, ., should give us the number of significant digits, m that are at least
correct in our solution by finding out the largest value of m for which Cond (A)xe, , is
less than 0.5x107".

mach

Example 4

How many significant digits can I trust in the solution of the following system of
equations?



B 3.9299}[;} ) m

Solution

l41= B 3.599}

it can be shown

4] = {— 3999 2000 }

For

2000 —1000

||, =5.999

HA-IHw =5999

Cond(A)z ||A|| HA_IH
=5.999%5999.4
= 35990

Assuming single precision with 23 bits used in the mantissa for real numbers, the
machine epsilon is

Emach: 2723
=0.119209%x10°°
Cond(A)x €,,,,=35990%0.119209x10°°

=0.4290x107
For what maximum positive value of m, would Cond(A4)x¢€,,, be less than or equal to

0.5x107™"
0.4290x107> <0.5x107™"
0.8580x107 <10™"
log(0.8580x107*) < log(10™)
—~2.067<-m
m < 2.067

m<?2
So two significant digits are at least correct in the solution vector.



Example 5

How many significant digits can I trust in the solution of the following system of
equations?

B RN

Solution

o) ]

it can be shown

] = [_23 —2 1}

For

Then
|4, =5.
|47, =5
Cond(A) =[] |47'|
=5x%x5
=25

Assuming single precision with 23 bits used in the mantissa for real numbers, the
machine epsilon

=0.119209x10°°
Cond(A)xe, =25x0.119209x107°
=0.2980x107
For what maximum positive value of m, would Cond(A)x e
0.5x10™"
0.2980x107° <0.5x107"

m<35
So five significant digits are at least correct in the solution vector.

mach

be less than or equal to

mach

Key Terms:

1ll-Conditioned matrix



Well-Conditioned matrix
Norm

Condition Number
Machine Epsilon
Significant Digits



	Chapter 04.09
	Adequacy of Solutions
	What do you mean by ill-conditioned and well-conditioned system of equations?
	Example 1
	Solution
	Example 2
	Solution
	So what if the system of equations is ill conditioned or well conditioned?
	To calculate the condition number of an invertible square matrix, I need to know what the norm of a matrix means.  How is the norm of a matrix defined?
	Example 3
	Solution
	How is the norm related to the conditioning of the matrix?
	What are some of the properties of norms?
	Is there a general relationship that exists between  and  or between  and ? If so, it could help us identify well-conditioned and ill conditioned system of equations.
	If there is such a relationship, will it help us quantify the conditioning of the matrix?   That is, will it tell us how many significant digits we could trust in the solution of a system of simultaneous linear equations?
	Prove for
	Proof
	How do I use the above theorems to find how many significant digits are correct in my solution vector?
	Example 4
	Solution
	Example 5
	Solution
	Key Terms:


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (GRACoL2006_Coated1v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages false

  /CreateJobTicket false

  /DefaultRenderingIntent /RelativeColorimetric

  /DetectBlends false

  /DetectCurves 0.0000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams true

  /MaxSubsetPct 1

  /Optimize true

  /OPM 1

  /ParseDSCComments false

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage false

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Preserve

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages false

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.00000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages false

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.00000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages false

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.00000

  /EncodeMonoImages true

  /MonoImageFilter /FlateEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (GRACoL2006_Coated1v2)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<

    /ENU ([Based on 'Lulu'] Use these settings to create Adobe PDF documents best suited for Lulu's printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName (GRACoL2006_Coated1v2)

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /ClipComplexRegions true

        /ConvertStrokesToOutlines false

        /ConvertTextToOutlines false

        /GradientResolution 300

        /LineArtTextResolution 1200

        /PresetName ([High Resolution])

        /PresetSelector /HighResolution

        /RasterVectorBalance 1

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MarksOffset 6

      /MarksWeight 0.250000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [1200 1200]

  /PageSize [612.000 792.000]

>> setpagedevice



