10.03.8

                                                       Chapter 10.03
Elliptic Partial Differential Equations                                                                            10.03.7

Chapter 10.03
Elliptic Partial Differential Equations
After reading this chapter, you should be able to:
1. use numerical methods to solve elliptic partial differential equations by direct method, Gauss-Seidel method, and Gauss-Seidel method with over relaxation.
The general second order linear PDE with two independent variables and one dependent variable is given by
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One popular example of an elliptic second order linear partial differential equation is the Laplace equation which is of the form
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Hence equation (3) is elliptic.
The Direct Method of Solving Elliptic PDEs


Let’s find the solution via a specific physical example. Take a rectangular plate as shown in Fig. 1 where each side of the plate is maintained at a specific temperature. We are interested in finding the temperature within the plate at steady state. No heat sinks or sources exist in the problem.
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Figure 1: Schematic diagram of the plate with the temperature boundary conditions
The partial differential equation that governs the temperature 
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To find the temperature within the plate, we divide the plate area by a grid as shown in Figure 2.
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  Figure 2: Plate area divided into a grid
The length 
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Now we will apply the finite difference approximation of the partial derivatives at a general interior node (
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Equations (7) and (8) are central divided difference approximations of the second derivatives. Substituting Equations (7) and (8) in Equation (4), we get
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For a grid with
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Equation (9) can be simplified as
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Now we can write this equation at all the interior nodes of the plate, that is 
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 nodes. This will result in an equal number of equations and unknowns.  The unknowns are the temperatures at the interior 
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 nodes. Solving these equations will give us the two-dimensional profile of the temperature inside the plate.

Example 1
A plate 
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             Figure 3: Plate with dimension and boundary temperatures

Solution 
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Re-writing Equations (5) and (6) we have
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The nodes are shown in Figure 4.
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                           Figure 4: Plate with nodes
All the nodes on the left and right boundary have an 
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From the boundary conditions
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The corner nodal temperature of 
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i=3 and j=3
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Equations (E1.2) to (E1.13) represent a set of twelve simultaneous linear equations and solving them gives the temperature at the twelve interior nodes. The solution is
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                          Figure 5: Temperatures at the interior nodes of the plate
Gauss-Seidel Method
To take advantage of the sparseness of the coefficient matrix as seen in Example 1, the Gauss-Seidel method may provide a more efficient way of finding the solution. In this case, Equation (10) is written for all interior nodes as
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                                        (11)
Now Equation (11) is solved iteratively for all interior nodes until all the temperatures at the interior nodes are within a pre-specified tolerance.

Example 2
A plate 
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Figure 6: A rectangular plate with the dimensions and boundary temperatures

Solution 
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Re-writing Equations (5) and (6) we have
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The interior nodes are shown in Figure 7.
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                                               Figure 7: Plate with nodes
All the nodes on the left and right boundary have an 
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 value of zero and 
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, respectively.  All of the nodes on the top or bottom boundary have a
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 value of either zero or 
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, respectively. 

From the boundary conditions
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The corner nodal temperature of 
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Iteration 1
For iteration 1, we start with all of the interior nodes having a temperature of 
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Iteration 2

For iteration 2, we use the temperatures from iteration 1. 
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The maximum absolute relative error at the end of iteration 2 is 
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                  Figure 8: Temperature distribution after two iterations
It took ten iterations to get all of the temperature values within 1% error. The table below lists the temperature values at the interior nodes at the end of each iteration:
	Node
	                      Number of Iterations

	
	1
	2
	3
	4
	5
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	Node
	                      Number of Iterations

	
	6
	7
	8
	9
	10
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Successive Over Relaxation Method
The coefficient matrix for solving for temperatures given in Example 1 is diagonally dominant. Hence the Gauss-Siedel method is guaranteed to converge. To accelerate convergence to the solution, over relaxation is used. In this case
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Again, these iterations are continued till the pre-specified tolerance is met for all nodal temperatures. This method is also called the Lieberman method.
Example 3

A plate 
[image: image228.wmf]m

m

0

.

3

4

.

2

´

 is subjected to the temperatures as shown in Fig. 6. Use a square grid length of 
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. Use the Gauss-Seidel with successive over relaxation method with a weighting factor of 1.4 to find the temperature at the interior nodes. Conduct two iterations at all interior nodes. Find the maximum absolute relative error at the end of the second iteration. Assume the initial temperature at all interior nodes to be 
[image: image230.wmf]C

°

0

.
                 SHAPE  \* MERGEFORMAT 



                    Figure 9: A rectangular plate with the dimensions and boundary temperatures

Solution 
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Re-writing Equations (5) and (6) we have
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The interior nodes are shown in the Figure 10.
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Figure 10: Plate with nodes
All of the nodes on the left and right boundary have an 
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 value of zero and 
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, respectively.  All of the nodes on the top or bottom boundary have a
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 value of either zero or 
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, respectively. 

From the boundary conditions
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The corner nodal temperature of 
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are not needed. Now to get the temperature at the interior nodes, we have to write Equation (11) for all of the combinations of 
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. After getting the temperature from Equation (11), we have to use Equation (12) to apply the over relaxation method.
Iteration 1

For iteration 1, we start with all of the interior nodes having a temperature of 
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Iteration 2

For iteration 2, we take the temperatures from iteration 1. 

i=1 and j=1
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The maximum absolute relative error at the end of iteration 2 is
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                    Figure 11: Temperature distribution after two iterations
It took nine iterations to get all of the temperature values within 1% error. The table below lists the temperature values at all nodes after each iteration.

	Node
	                         Number of Iterations
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	4
	5
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	Node
	                  Number of Iterations

	
	6
	7
	8
	9
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Alternative Boundary Conditions
In Examples 1-3, the boundary conditions on the plate had a specified temperature on each edge. What if the conditions are different?  For example; what if one of the edges of the plate is insulated? In this case, the boundary condition would be the derivative of the temperature (called the Neuman boundary condition). If the right edge of the plate is insulated, then the temperatures on the right edge nodes also become unknowns. The finite difference Equation (10) in this case for the right edge for the nodes 
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However, the node 
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 is not inside the plate. The derivative boundary condition needs to be used to account for these additional unknown nodal temperatures on the right edge. This is done by approximating the derivative at the edge node 
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substituting Equation (15) in Equation (13), gives
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Now if the edge is insulated,
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substituting Equation (17) in Equation (16), gives an equation to use at the Neuman Boundary condition
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Example 4

A plate 
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 is subjected to the temperatures and insulated boundary conditions as shown in Fig. 12. Use a square grid length of 
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             Figure 12: Plate with the dimensions and boundary conditions
Solution 
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Re-writing Equations (5) and (6) we have
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The unknown temperature nodes are shown in Figure 13.
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                           Figure 13: Plate with the nodes labeled
All of the nodes on the boundary have an 
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Now in order to find the temperatures at the interior nodes, we have to write Equation (10) for all of the combinations of 
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i=1 and j=1
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i=1 and j=2
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i=1 and j=3
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i=1 and j=4
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i=2 and j=1
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i=2 and j=2
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i=2 and j=3
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i=2 and j=4
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i=3 and j=1
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i=3 and j=2
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i=3 and j=3
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i=3 and j=4
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Now for 
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Equations (E4.2) to (E4.17) represent a set of sixteen simultaneous linear equations, and solving them gives the temperature at sixteen interior nodes. The solution is
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APPENDIX A
Analytical Solution of Example 1
The differential equation for Example 1 is
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The temperature boundary conditions are given on the four sides of the plate (Dirichilet boundary conditions).  This problem is too complex to solve analytically. To make this simple, we split the problem into two problems and using the principle of superposition.  We then superimpose the solutions of the two simple problems to get the final solution. How the total problem is split is shown in Figure A.1.
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Figure A.1: Splitting of non-homogeneous problem into two homogeneous problems

From Figure A.1, the total solution of the problem is obtained by the summation of the solutions of Problem 1 and Problem 2.

Solution to Problem 1

Let the solution to problem 1 be 
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with boundary conditions
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Let 
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Substituting Equation (A.6) in Equation (A.1), we have
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Spatial Y solution

Now from Equation (A.7) we can write
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Equation (A.8) is a homogeneous second order differential equation. These type of equations have the solution of the form 
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From the values of 
[image: image493.wmf]1

m

 and 
[image: image494.wmf]2

m

, the solution of 
[image: image495.wmf])

(

y

Y

 is written as


[image: image496.wmf])

sinh(

)

cosh(

)

(

y

B

y

A

y

Y

b

b

+

=

                                                                              (A.9)

Spatial X solution

Now from Equation (A.7) we can write
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Equation (A.10) is a homogeneous second order differential equation. These types of equations have the solution of the form 
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From the values of 
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Substituting Equation (A.9) and Equation (A.11) in Equation (A.6) gives
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To find the value of the constants we must use the boundary conditions. Applying boundary condition represented by Equation (A.2), we have
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Substituting 
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Applying the boundary condition represented by Equation (A.13), we have
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Substituting Equation (A.14) in Equation (A.13)
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Since the general solution can have any value of 
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Applying boundary condition represented by Equation (A.4), we have
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A half range sine series is given by
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Comparing Equation (A.16) with half range sine series, Equation (A.16) is a half-range expression of 50 in sine series with 
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Applying boundary condition represented by Equation (A.5) ,we have
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Solving Equation (A.18) for 
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From Equations (A.15), (A.17) and (A.19), the solution 
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where
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Solution Problem 2

Let the solution to Problem 2 be 
[image: image542.wmf]2

T

. Problem 2 can be solved similarly as Problem 1. The solution to Problem 2 is 


[image: image543.wmf]å

¥

=

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

+

÷

ø

ö

ç

è

æ

÷

ø

ö

ç

è

æ

=

1

2

3

sinh

3

cosh

3

sin

)

,

(

n

n

n

x

n

D

x

n

C

y

n

y

x

T

p

p

p

                                (A.21)
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Overall Solution
The overall solution to the problem is
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