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Chapter 10.02
Parabolic Partial Differential Equations
After reading this chapter, you should be able to:
1. Use numerical methods to solve parabolic partial differential equations by explicit, implicit, and Crank-Nicolson methods.
The general second order linear PDE with two independent variables and one dependent variable is given by
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, Equation (1) is called a parabolic partial differential equation. One of the simple examples of a parabolic PDE is the heat-conduction equation for a metal rod (Figure 1)
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where
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in which the thermal diffusivity, 
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Figure 1: A metal rod 
Explicit Method of Solving Parabolic PDEs

To numerically solve parabolic PDEs such as Equation (2), one can use finite difference approximations of the partial derivatives so that the dependent variable, 
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 is now sought at particular nodes (
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) (Figure 2). The left hand side second derivative is approximated by the central divided difference approximation as
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For a rod of length 
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The time is similarly broken into time steps of 
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The time derivative of the right hand side of Equation (2) is approximated by the forward divided difference approximation
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Substituting the finite difference approximations given by Equations (3) and (5) in Equation (2) gives
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Solving for the temperature at the time node
[image: image40.wmf]1

+

j

, gives

[image: image41.wmf](

)

j

i

j

i

j

i

j

i

j

i

T

T

T

x

t

T

T

1

1

2

1

2

)

(

-

+

+

+

-

D

D

+

=

a

                                                                         

Choosing


[image: image42.wmf]2

)

(

x

t

D

D

=

a

l

                                                                                                                 (6)


[image: image43.wmf](

)

j

i

j

i

j

i

j

i

j

i

T

T

T

T

T

1

1

1

2

-

+

+

+

-

+

=

l

                                                                           (7)

Equation (7) can be solved explicitly because it can be written for each internal location node of the rod for time node 
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Example 1
A rod of steel is subjected to a temperature of 
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The initial temperature of the rod is
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Figure 3: Schematic diagram showing the node distribution in the rod
The boundary conditions
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The initial temperature of the rod is 
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Initial temperature at the nodes inside the rod (when t=0 sec)
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Temperature at the nodes inside the rod when t=3 sec

 Setting 
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Temperature at the nodes inside the rod when t=6 sec
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Temperature at the nodes inside the rod when t=9 sec
 Setting 
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To better visualize the temperature variation at different locations at different times, temperature distribution along the length of the rod at different times is plotted in the Figure 4.
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Figure 4: Temperature distribution from explicit method
Implicit Method for Solving Parabolic PDEs
In the explicit method, one is able to find the solution at each node, one equation at a time. However, the solution at a particular node is dependent only on temperature from neighboring nodes from the previous time step. For example, in the solution of Example 1, the temperatures at node 2 and 3 artificially stay at the initial temperature at 
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Also the explicit method does not guarantee stability which depends on the value of the time step, location step and the parameters of the elliptic equation. For the PDE
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These issues are addressed by using the implicit method. Instead of the temperature being found one node at a time, the implicit method results in simultaneous linear equations for the temperature at all interior nodes for a particular time.

The implicit method to solve the parabolic PDE given by equation (2) is as follows. 

The second derivative on the left hand side of the equation is approximated by the central divided difference scheme at time level 
[image: image109.wmf]1

+

j

 at node 
[image: image110.wmf]i

 as


[image: image111.wmf](

)

2

1

1

1

1

1

1

,

2

2

2

x

T

T

T

x

T

j

i

j

i

j

i

j

i

D

+

-

»

¶

¶

+

-

+

+

+

+

                                                                                     (9)
The first derivative on the right hand side of the equation is approximated by backward divided difference approximation at time level 
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Substituting Equations (9) and (10) in Equation (2) gives
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where
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Now Equation (11) can be written for all nodes (except the external nodes), at a particular time level. This results in simultaneous linear equations which can be solved to find the nodal temperature at a particular time.

Example 2
A rod of steel is subjected to a temperature of 
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The initial temperature of the rod is 
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Figure 5: Schematic diagram showing the node representation in the model
The boundary conditions
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The initial temperature of the rod is 
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Initial temperature at the nodes inside the rod (when t=0 sec)
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Temperature at the nodes inside the rod when t=3 sec
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For all the interior nodes, putting 
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The simultaneous linear equations (E2.3) – (E2.6) can be written in matrix form as
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The above coefficient matrix is tri-diagonal. Special algorithms such as Thomas’ algorithm can be used to solve simultaneous linear equation with tri-diagonal coefficient matrices. The solution is given by
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Hence, the temperature at all the nodes at time, 
[image: image157.wmf]sec

 

3

=

t

is


[image: image158.wmf]ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

25

477

.

21

438

.

21

792

.

24

451

.

39

100

1

5

1

4

1

3

1

2

1

1

1

0

T

T

T

T

T

T


Temperature at the nodes inside the rod when t=6 sec
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For all the interior nodes, putting 
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The simultaneous linear equations (E2.7) – (E2.10) can be written in matrix form as
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The solution of the above set of simultaneous linear equation is 
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Hence, the temperature at all the nodes at time, 
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Temperature at the nodes inside the rod when t=9 sec
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For all the interior nodes, setting 
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The simultaneous linear equations (E2.11) – (E2.14) can be written in matrix form as
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The solution of the above set of simultaneous linear equation is 
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Hence, the temperature at all the nodes at time, 
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To better visualize the temperature variation at different locations at different times, the temperature distribution along the length of the rod at different times is plotted in Figure 6.
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Figure 6: Temperature distribution in rod from implicit method

Crank-Nicolson Method
The Crank-Nicolson method provides an alternative scheme to implicit method. The accuracy of Crank-Nicolson method is same in both space and time. In the implicit method, the approximation of  
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accuracy.  The accuracy in the Crank-Nicolson method is achieved by approximating the derivative at the mid point of time step. To numerically solve PDEs such as Equation (2), one can use finite difference approximations of the partial derivatives. The left hand side of the second derivative is approximated at node 
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The first derivative on the right side of Equation (2) is approximated using forward divided difference approximation at time level 
[image: image198.wmf]1

+

j

 and node 
[image: image199.wmf]i

 as

[image: image200.wmf]t

T

T

t

T

j

i

j

i

j

i

D

-

»

¶

¶

+

1

,

                                                                                                     (13)
Substituting Equations (12) and (13) in Equation (2) gives
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giving
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where


[image: image203.wmf](

)

2

x

t

D

D

=

a

l


Now Equation (15) is written for all nodes (except the external nodes). This will result in simultaneous linear equations that can be solved to find the temperature at a particular time.
Example 3
A rod of steel is subjected to a temperature of 
[image: image204.wmf]C

°

100

 on the left end and 
[image: image205.wmf]C

°

25

 on the right end. If the rod is of length
[image: image206.wmf]m

05

.

0

, use Crank-Nicolson method to find the temperature distribution in the rod from 
[image: image207.wmf]0

=

t

to 
[image: image208.wmf]9

=

t

seconds. Use
[image: image209.wmf]m

x

01

.

0

=

D

,
[image: image210.wmf]s

t

3

=

D

. 
Given 

[image: image211.wmf]K

m

W

k

-

=

54

, 
[image: image212.wmf]3

7800

m

kg

=

r

, 
[image: image213.wmf]K

kg

J

C

-

=

490

. 
The initial temperature of the rod is 
[image: image214.wmf]C

°

20

.

Solution 


[image: image215.wmf]C

k

r

a

=


   
[image: image216.wmf]490

7800

54

´

=


   
[image: image217.wmf]s

m

/

10

4129

.

1

2

5

-

´

=


Then

[image: image218.wmf](

)

2

x

t

D

D

=

a

l


    
[image: image219.wmf](

)

2

5

01

.

0

3

10

412

.

1

-

´

=


    
[image: image220.wmf]4239

.

0

=



[image: image221]
Figure 7: Schematic diagram showing the node representation in the model
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Initial temperature at the nodes inside the rod (when t=0 sec)
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Temperature at the nodes inside the rod when t=3 sec
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For all the interior nodes, setting 
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The coefficient matrix in the above set of equations is tridiagonal. Special algorithms such as Thomas’ algorithm are used to solve equation with tridiagonal coefficient matrices
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The above matrix is tridiagonal. Solving the above matrix we get
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Hence, the temperature at all the nodes at time, 
[image: image243.wmf]sec

3

 

t

=

is


[image: image244.wmf]ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ê

ê

ë

é

25

607

.

21

797

.

20

746

.

23

372

.

44

100

1

5

1

4

1

3

1

2

1

1

1

0

T

T

T

T

T

T


Temperature at the nodes inside the rod when t=6 sec
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For all the interior nodes, putting 
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The simultaneous linear equations (E3.7) – (E3.10) can be written in matrix form as
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Solving the above set of equations, we get


[image: image257.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

730

.

22

174

.

23

075

.

31

883

.

55

2

4

2

3

2

2

2

1

T

T

T

T


Hence, the temperature at all the nodes at time, 
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Temperature at the nodes inside the rod when t=9 sec
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For all the interior nodes, setting 
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The simultaneous linear equations (E3.11) – (E3.14) can be written in matrix form as
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Solving the above set of equations, we get
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Hence, the temperature at all the nodes at time, 
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To better visualize the temperature variation at different locations at different times, the temperature distribution along the length of the rod at different times is plotted in Figure 8.
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Figure 8: Temperature distribution in rod from Crank-Nicolson method

Analytical Method

Appendix A
The parabolic heat conduction equation given by Equation (2) is formulated as
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with boundary conditions
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and initial conditions
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We split the problem into a steady state problem and a transient (homogeneous) problem. The solutions of the steady state problem and transient problem are found separately and by applying the principle of superposition, the final solution would be obtained. This formulation can be represented as
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where
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Steady State Solution

Since the temperature at steady state is not changing,
[image: image286.wmf]0

=

¶

¶

t

T
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with boundary conditions
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The solution to Equation (20) is given by integrating it on both sides to give
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is a constant of integration and by integrating again to give
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where 
[image: image295.wmf]B

is another constant of integration. By  substituting the boundary condition (21), we obtain
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By substituting the boundary condition (22), we obtain
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Plugging back the values of 
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 and 
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 in Equation (23), we get the steady state solution as
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Transient Solution
The transient problem is formulated as
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with boundary conditions
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Note: from Equation (19), 
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and by substituting Equations (21) and (22), the boundary conditions of 
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 are obtained.

Initial conditions for the transient problem are hence given by
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To obtain solution for the transient problem, let us assume 
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Substituting Equation (29) in Equation (25), we get
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The left hand side of Equation (30) represents the spatial term and the right hand side represents the temporal (time) term. We will attempt to find the solutions of the spatial and temporal term independently. To do so, let us assume that both the left hand side and the right hand side of the Equation (30) is equal to a constant 
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Spatial solution
Taking just the spatial term from Equation (31), we have
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The Equation (32) is a homogeneous second order ordinary differential equation. These type of equations have the solution of the form 
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Temporal solution
Taking just the temporal term from Equation (31), we have
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The above equation is a homogeneous first order ordinary differential equation. These type of equations have the solution of the form 
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From the value of 
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Substituting Equations (33) and (35) in Equation (29), we have
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Substituting boundary condition represented by Equation (26) in Equation (36) gives
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Substituting boundary condition represented by Equation (27) in Equation (37) gives
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As the general solution can have any value of 
[image: image355.wmf]n

,

[image: image356.wmf]å

¥

=

-

=

1

)

20

(

)

20

sin(

)

,

(

2

n

t

n

n

h

x

n

e

G

t

x

T

p

p

a

                                                                        (38)

Substituting the initial condition 
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from Equation (28) in Equation (38)


[image: image358.wmf]80

1500

)

20

sin(

1

-

=

å

¥

=

x

x

n

G

n

n

p


Multiplying both sides by 
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Substituting the following in the above equation,
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Substituting Equation (39) in Equation (38), we get
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Substituting Equations (40) and (24) in Equation (19) we have
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 in Equation (40) gives
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Equation (42) is the analytical solution of the problem. Substituting the values of 
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 and 
[image: image378.wmf]t

 gives the temperature inside the rod at a particular location and time. For example using the analytical solution, we will find the temperature of the rod at the first node, that is, 
[image: image379.wmf]m

x

01

.

0

=

 when 
[image: image380.wmf]9

=

t

secs.


[image: image381.wmf]C

m

e

m

T

m

m

m

°

=

þ

ý

ü

î

í

ì

-

-

+

+

-

=

´

´

-

¥

=

-

å

510

.

62

)

2

.

0

sin(

160

)

1

(

10

100

)

01

.

0

(

1500

)

9

,

01

.

0

(

9

]

20

[

10

4129

.

1

1

2

5

p

p

p


Similarly using Equation (42), the temperature of the rod at any location at any time can be found by substituting the corresponding values of 
[image: image382.wmf]x

 and 
[image: image383.wmf]t

.

Comparison of the three numerical methods

To compare all three numerical methods with the analytical solution, the temperature values obtained at all the interior nodes at time, 
[image: image384.wmf]9

=

t

 sec are presented in the Table 1. From Table 1, it is clear that among the numerical methods used to solve partial differential equations, Crank-Nicolson method provides better accuracy compared to the other two numerical methods ( Explicit Method and Implicit Method) explained in this chapter.
Table 1: Comparison of temperature obtained at interior nodes using different methods discussed in this chapter (absolute true error is given in parenthesis)
	Temperature 
at Nodes
	Explicit 
Method

(
[image: image385.wmf]C

°

)
	Implicit 
Method
 (
[image: image386.wmf]C

°

)
	Crank-Nicolson 
Method

(
[image: image387.wmf]C

°

)
	Analytical 
Solution

(
[image: image388.wmf]C

°

)

	
[image: image389.wmf]3

1

T


	65.953(3.443)
	59.043(3.467)
	62.604(0.094)
	62.510

	
[image: image390.wmf]3

2

T


	39.132(2.048)
	36.292(0.792)
	37.613(0.529)
	37.084

	
[image: image391.wmf]3

3

T


	27.266(1.422)
	26.809(0.965)
	26.562(0.282)
	25.844

	
[image: image392.wmf]3

4

T


	22.872(0.738)
	24.243(0.633)
	24.042(0.432)
	23.610


	PARTIAL DIFFERENTIAL EQUATIONS
	

	Topic
	Parabolic Differential Equations

	Summary
	Textbook notes for the parabolic partial differential equations

	Major
	All engineering majors

	Authors
	Autar Kaw, Sri Harsha Garapati

	Date
	March 17, 2011 

	Web Site
	http://numericalmethods.eng.usf.edu


� EMBED Equation.3  ���























� EMBED Equation.3  ���
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