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Chapter 04.05

System of Equations

After reading this chapter, you should be able to:
1. setup simultaneous linear equations in matrix form and vice-versa,
2. understand the concept of the inverse of a matrix,
3. know the difference between a consistent and inconsistent system of linear equations, and
4. learn that a system of linear equations can have a unique solution, no solution or infinite solutions.

Matrix XE "Matrix"  algebra is used for solving systems of equations XE "system of equations" .  Can you illustrate this concept? XE "matrix" 
Matrix XE "Matrix"  algebra is used to solve a system of simultaneous linear equations.  In fact, for many mathematical procedures such as the solution to a set of nonlinear equations, interpolation, integration, and differential equations, the solutions reduce to a set of simultaneous linear equations.  Let us illustrate with an example for interpolation.

Example 1

The upward velocity of a rocket is given at three different times on the following table.

                                 Table 5.1. Velocity vs. time data for a rocket
	Time, t
	Velocity, v

	(s)
	(m/s)

	5
	106.8

	8
	177.2

	12
	279.2


The velocity data is approximated by a polynomial as
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Set up the equations in matrix XE "matrix"  form to find the coefficients 
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 of the velocity profile.

Solution

The polynomial is going through three data points 
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 where from table 5.1.
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Requiring that 
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Substituting the data 
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or
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This set of equations can be rewritten in the matrix XE "matrix"  form as
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 The above equation can be written as a linear combination as follows
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and further using matrix XE "matrix"  multiplication gives
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The above is an illustration of why matrix XE "matrix"  algebra is needed. The complete solution to the set of equations is given later in this chapter.

A general set of 
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 linear equations and 
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can be rewritten in the matrix XE "matrix"  form as
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Denoting the matrices XE "matrices"  by 
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, the system of equation is 
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 is called the coefficient matrix XE "matrix" , 
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 is called the right hand side vector XE "vector"  and 
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 is called the solution vector.
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 systems of equations are written in the augmented form.  That is
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A system of equations XE "system of equations"  can be consistent XE "consistent"  or inconsistent.  What does that mean?

A system of equations XE "system of equations"  
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 is consistent XE "consistent"  if there is a solution, and it is inconsistent if there is no solution.  However, a consistent system of equations does not mean a unique solution XE "unique solution" , that is, a consistent system of equations may have a unique solution or infinite solutions (Figure 1).
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	            Figure 5.1. Consistent and inconsistent system of equations flow chart.


Example 2

Give examples of consistent XE "consistent"  and inconsistent system XE "inconsistent system"  of equations.

Solution

a) The system of equations XE "system of equations" 
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is a consistent XE "consistent"  system of equations XE "system of equations"  as it has a unique solution XE "unique solution" , that is,
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b) The system of equations XE "system of equations" 
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is also a consistent XE "consistent"  system of equations XE "system of equations"  but it has infinite solutions as given as follows.

Expanding the above set of equations, 
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you can see that they are the same equation.  Hence, any combination of 
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is a solution.  For example 
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c) The system of equations XE "system of equations" 
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is inconsistent as no solution exists.
How can one distinguish between a consistent XE "consistent"  and inconsistent system XE "inconsistent system"  of equations?

A system of equations XE "system of equations"  
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 is equal to the rank of the augmented matrix XE "augmented matrix"  
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A system of equations XE "system of equations"  
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 is less than the rank of the augmented matrix XE "augmented matrix"  
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But, what do you mean by rank of a matrix XE "rank of a matrix" ? 

The rank of a matrix XE "rank of a matrix"  is defined as the order of the largest square submatrix XE "submatrix"  whose determinant XE "determinant"  is not zero.

Example 3

What is the rank of 
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Solution

The largest square submatrix XE "submatrix"  possible is of order 3 and that is 
[image: image56.wmf]]

[

A

 itself. Since 
[image: image57.wmf],

0

23

)

det(

¹

-

=

A

 the rank of 
[image: image58.wmf].

3

]

[

=

A


Example 4

What is the rank of 


[image: image59.wmf][

]

ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

7

1

5

5

0

2

2

1

3

A

?

Solution

The largest square submatrix XE "submatrix"  of 
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 is of order 3 and that is 
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Example 5

How do I now use the concept of rank to find if
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is a consistent XE "consistent"  or inconsistent system XE "inconsistent system"  of equations?

Solution

The coefficient matrix XE "matrix"  is
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and the right hand side vector is XE "vector" 
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The augmented matrix XE "augmented matrix"  is
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Since there are no square submatrices of order 4 as 
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 of order 3; if any of these square submatrices have determinant XE "determinant"  not equal to zero, then the rank is 3.  For example, a submatrix XE "submatrix"  of the augmented matrix XE "augmented matrix"  
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Hence the rank of the augmented matrix XE "augmented matrix"  
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 is 3.  Since the rank of the augmented matrix XE "matrix"  
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 equals the rank of the coefficient matrix 
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, the system of equations XE "system of equations"  is consistent XE "consistent" .

Example 6

Use the concept of rank of matrix XE "matrix"  to find if
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is consistent XE "consistent"  or inconsistent?

Solution

The coefficient matrix XE "matrix"  is given by
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and the right hand side
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The augmented matrix XE "augmented matrix"  is
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Since there are no square submatrices of order 4 as 
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 is at most 3.  So let us look at square submatrices of the augmented matrix  XE "augmented matrix" 
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 of order 3 and see if any of these have determinants XE "determinant"  not equal to zero.  For example, a square submatrix XE "submatrix"  of the augmented matrix 
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has 
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That is,
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All the square submatrices of order 3
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So the rank of the augmented matrix XE "augmented matrix"  
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Now we need to find the rank of the coefficient matrix XE "matrix"  
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So the rank of the coefficient matrix XE "matrix"  
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So the rank of the coefficient matrix XE "matrix"  
[image: image121.wmf]]

[

A

 is 2.  

Hence, rank of the coefficient matrix XE "matrix"  
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equals the rank of the augmented matrix XE "augmented matrix"  [B].  So the system of equations XE "system of equations"  
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Example 7

Use the concept of rank to find if
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is consistent XE "consistent"  or inconsistent.

Solution

The augmented matrix XE "augmented matrix"  is
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Since there are no square submatrices of order 4
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4 as the augmented matrix XE "augmented matrix"   
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 is a 4
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3 matrix XE "matrix" , the rank of the augmented matrix 
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 is at most 3.  So let us look at square submatrices of the augmented matrix (B) of order 3 and see if any of the 3
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3 submatrices have a determinant XE "determinant"  not equal to zero.  For example, a square submatrix XE "submatrix"  of order 3
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det(D) = 0

So it means, we need to explore other square submatrices of the augmented matrix XE "augmented matrix"  
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So the rank of the augmented matrix XE "augmented matrix"  
[image: image137.wmf]]

[

B

 is 3.

The rank of the coefficient matrix XE "matrix"  
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 is 2 from the previous example.

Since  the rank of the coefficient matrix XE "matrix"   
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 is less than the rank of the augmented matrix XE "augmented matrix"  
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, the system of equations XE "system of equations"  is inconsistent.  Hence, no solution exists for 
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If a solution exists, how do we know whether it is unique?

In a system of equations XE "system of equations"  
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 that is consistent XE "consistent" , the rank of the coefficient matrix XE "matrix"  
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 is the same as the augmented matrix XE "augmented matrix"  
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.  If in addition, the rank of the coefficient matrix 
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 is same as the number of unknowns, then the solution is unique; if the rank of the coefficient matrix 
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 is less than the number of unknowns, then infinite solutions exist.
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	 Figure 5.2. Flow chart of conditions for consistent and inconsistent system of equations.


Example 8

We found that the following system of equations XE "system of equations" 
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is a consistent XE "consistent"  system of equations XE "system of equations" .  Does the system of equations have a unique solution XE "unique solution"  or does it have infinite solutions?

Solution

The coefficient matrix XE "matrix"  is


[image: image149.wmf][

]

ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

1

12

144

1

8

64

1

5

25

A


and the right hand side is
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While finding out whether the above equations were consistent XE "consistent"  in an earlier example, we found that the rank of the coefficient matrix XE "matrix"  (A) equals rank of augmented matrix XE "augmented matrix"  
[image: image151.wmf][
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 equals 3.
The solution is unique as the number of unknowns = 3 = rank of (A).

Example 9

We found that the following system of equations XE "system of equations" 
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is a consistent XE "consistent"  system of equations XE "system of equations" .  Is the solution unique or does it have infinite solutions.

Solution

While finding out whether the above equations were consistent XE "consistent" , we found that the rank of the coefficient matrix XE "matrix"  
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equals the rank of augmented matrix 
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Since the rank of 
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 < number of unknowns = 3, infinite solutions exist.
If we have more equations than unknowns in [A] [X] = [C], does it mean the system is inconsistent?

No, it depends on the rank of the augmented matrix XE "augmented matrix"  
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a)  For example
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is consistent XE "consistent" , since
rank of augmented matrix XE "augmented matrix"  = 3
rank of coefficient matrix XE "matrix"  = 3
Now since  the rank of (A) = 3 = number of unknowns, the solution is not only consistent XE "consistent"  but also unique.

b)  For example
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is inconsistent, since

rank of augmented matrix XE "augmented matrix"   = 4

rank of coefficient matrix XE "matrix"  = 3
c)  For example
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is consistent XE "consistent" , since

rank of augmented matrix XE "augmented matrix"   = 2
rank of coefficient matrix XE "matrix"  = 2
But since the rank of 
[image: image161.wmf]]
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 = 2 < the number of unknowns = 3, infinite solutions exist.

Consistent XE "Consistent"  systems of equations XE "system of equations"  can only have a unique solution XE "unique solution"  or infinite solutions.  Can a system of equations have more than one but not infinite number of solutions?
No, you can only have either a unique solution XE "unique solution"  or infinite solutions.  Let us suppose 
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 is a constant, then from the two equations 
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Adding the above two equations gives

 
[image: image170.wmf][

]

[

]

(

)

[

]

[

]

[

]

(

)

[

]

C

r

C

r

Z

A

r

Y

A

r

-

+

=

-

+

1

 

1

 



[image: image171.wmf][

]

[

]

(

)

[

]

(

)

[

]

C

Z

r

Y

r

A

=

-

+

1


Hence


[image: image172.wmf][

]

(

)

[

]

Z

r

Y

r

-

+

1


is a solution to


[image: image173.wmf][

]

[

]

[

]

C

X

A

=

 


Since 
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 is any scalar, there are infinite solutions for 
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Can you divide two matrices XE "matrices" ?

If 
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, but matrix XE "matrix"  division is not defined like that.  However an inverse of a matrix XE "inverse of a matrix"  can be defined for certain types of square matrices XE "matrices" .  The inverse of a square matrix XE "square matrix"  
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Where 
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 is the identity matrix.
In other words, let [A] be a square matrix XE "square matrix" .  If 
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, then these statements are also true

· [B] is the inverse of [A]

· [A] is the inverse of [B]

· [A] and [B] are both invertible XE "invertible"  

· [A] [B]=[I].

· [A] and [B] are both nonsingular

· all columns of [A] and [B]are linearly independent XE "linearly independent" 
· all rows of [A] and [B] are linearly independent XE "linearly independent" .

Example 10

Determine if
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Can I use the concept of the inverse of a matrix XE "inverse of a matrix"  to find the solution of a set of equations [A] [X] = [C]?

Yes, if the number of equations is the same as the number of unknowns, the coefficient matrix XE "matrix"  
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How do I find the inverse of a matrix XE "inverse of a matrix" ?

If 
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Using the definition of matrix XE "matrix"  multiplication, the first column of the 
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 matrix can then be found by solving
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Similarly, one can find the other columns of the 
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 matrix XE "matrix"  by changing the right hand side accordingly.

Example 11 

The upward velocity of the rocket is given by
                        Table 5.2. Velocity vs time data for a rocket
	Time, t (s)
	Velocity, v  (m/s)

	5
	106.8

	8
	177.2

	12
	279.2


In an earlier example, we wanted to approximate the velocity profile by
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We found that the coefficients 
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First, find the inverse of
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and then use the definition of inverse to find the coefficients 
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Solution

If  
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is the inverse of 
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gives three sets of equations
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Solving the above three sets of equations separately gives
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Is there another way to find the inverse of a matrix XE "inverse of a matrix" ?
For finding the inverse of small matrices XE "matrices" , the inverse of an invertible XE "invertible"  matrix XE "invertible matrix"  can be found by
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where 
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itself is called the matrix of cofactors from [A].  Cofactors are defined in Chapter 4.
Example 12 

Find the inverse of
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Solution

From Example 4.6 in Chapter 4, we found
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Next we need to find the adjoint XE "adjoint"  of 
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The cofactors of entry XE "entry"  
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The minor of entry XE "entry"  
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The cofactor XE "cofactor"  of entry XE "entry"  
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Hence the matrix XE "matrix"  of cofactors of 
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The adjoint XE "adjoint"  of matrix XE "matrix"  
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If the inverse of a square matrix XE "square matrix"  [A] exists, is it unique?

Yes, the inverse of a square matrix XE "square matrix"  is unique, if it exists.  The proof is as follows.  Assume that the inverse of 
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Since [C] is inverse of 
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This shows that 
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 are the same. So the inverse of 
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 is unique.
Key Terms:

Consistent system

Inconsistent system XE "Inconsistent system" 

Infinite solutions
Unique solution

Rank
matrix" Inverse 












































































[A][X]= [B]





Infinite Solutions





Unique Solution





Inconsistent System





Consistent System





















































04.05.1


_1293884589.unknown

_1293886352.unknown

_1293887592.unknown

_1293888314.unknown

_1293889084.unknown

_1293889169.unknown

_1293889269.unknown

_1293889317.unknown

_1293889440.unknown

_1293889441.unknown

_1293889442.unknown

_1293889373.unknown

_1293889289.unknown

_1293889222.unknown

_1293889247.unknown

_1293889183.unknown

_1293889120.unknown

_1293889144.unknown

_1293889106.unknown

_1293888928.unknown

_1293888997.unknown

_1293889005.unknown

_1293888972.unknown

_1293888981.unknown

_1293888952.unknown

_1293888625.unknown

_1293888850.unknown

_1293888865.unknown

_1293888636.unknown

_1293888547.unknown

_1293888592.unknown

_1293888340.unknown

_1293888004.unknown

_1293888145.unknown

_1293888260.unknown

_1293888274.unknown

_1293888173.unknown

_1293888046.unknown

_1293888094.unknown

_1293888029.unknown

_1293887727.unknown

_1293887835.unknown

_1293887851.unknown

_1293887763.unknown

_1293887679.unknown

_1293887710.unknown

_1293887611.unknown

_1293886886.unknown

_1293887352.unknown

_1293887471.unknown

_1293887552.unknown

_1293887563.unknown

_1293887515.unknown

_1293887405.unknown

_1293887423.unknown

_1293887381.unknown

_1293887183.unknown

_1293887228.unknown

_1293887271.unknown

_1293887208.unknown

_1293886905.unknown

_1293887121.unknown

_1293886894.unknown

_1293886573.unknown

_1293886725.unknown

_1293886776.unknown

_1293886809.unknown

_1293886747.unknown

_1293886627.unknown

_1293886693.unknown

_1293886607.unknown

_1293886470.unknown

_1293886497.unknown

_1293886520.unknown

_1293886487.unknown

_1293886400.unknown

_1293886413.unknown

_1293886372.unknown

_1293885150.unknown

_1293885803.unknown

_1293886251.unknown

_1293886273.unknown

_1293886305.unknown

_1293886021.unknown

_1293886057.unknown

_1293886063.unknown

_1293885962.unknown

_1293885311.unknown

_1293885387.unknown

_1293885433.unknown

_1293885321.unknown

_1293885229.unknown

_1293885285.unknown

_1293885191.unknown

_1293884911.unknown

_1293885017.unknown

_1293885107.unknown

_1293885124.unknown

_1293885063.unknown

_1293884958.unknown

_1293884970.unknown

_1293884927.unknown

_1293884670.unknown

_1293884776.unknown

_1293884875.unknown

_1293884738.unknown

_1293884618.unknown

_1293884646.unknown

_1293882884.unknown

_1293883838.unknown

_1293884062.unknown

_1293884140.unknown

_1293884346.unknown

_1293884468.unknown

_1293884477.unknown

_1293884247.unknown

_1293884098.unknown

_1293884127.unknown

_1293884073.unknown

_1293883962.unknown

_1293883973.unknown

_1293884038.unknown

_1293883968.unknown

_1293883891.unknown

_1293883931.unknown

_1293883868.unknown

_1293883214.unknown

_1293883672.unknown

_1293883784.unknown

_1293883826.unknown

_1293883722.unknown

_1293883589.unknown

_1293883654.unknown

_1293883555.unknown

_1293883063.unknown

_1293883182.unknown

_1293883203.unknown

_1293883095.unknown

_1293882955.unknown

_1293882974.unknown

_1293882900.unknown

_1058246487.unknown

_1256461753.unknown

_1259729369.unknown

_1292835562.unknown

_1293882870.unknown

_1293882876.unknown

_1293882811.unknown

_1260954891.unknown

_1260956206.unknown

_1260957060.unknown

_1260956703.unknown

_1260955513.unknown

_1260954301.unknown

_1256461900.unknown

_1256462409.unknown

_1256462455.unknown

_1256462496.unknown

_1256462528.unknown

_1256462415.unknown

_1256462337.unknown

_1256462394.unknown

_1256462010.unknown

_1256461835.unknown

_1256461887.unknown

_1256461782.unknown

_1070951717.unknown

_1167396986.unknown

_1256461004.unknown

_1256461084.unknown

_1256461735.unknown

_1256461039.unknown

_1167397106.unknown

_1201501305.unknown

_1201501306.unknown

_1201937503.unknown

_1167397123.unknown

_1201501303.unknown

_1167397060.unknown

_1167397089.unknown

_1167397027.unknown

_1070952696.unknown

_1070952812.unknown

_1070952842.unknown

_1070953002.unknown

_1167396957.unknown

_1070952856.unknown

_1070952828.unknown

_1070952743.unknown

_1070952783.unknown

_1070952726.unknown

_1070952655.unknown

_1070952672.unknown

_1070952636.unknown

_1070950907.unknown

_1070951103.unknown

_1070951655.unknown

_1070951693.unknown

_1070951586.unknown

_1070950937.unknown

_1070950948.unknown

_1070950924.unknown

_1058248311.bin

_1058860981.unknown

_1058861112.unknown

_1058248429.unknown

_1058248554.unknown

_1058246912.unknown

_1058246959.unknown

_1058246649.unknown

_1047907095.unknown

_1056434000.unknown

_1056434279.unknown

_1056435015.unknown

_1056437353.unknown

_1056437485.unknown

_1056439781.unknown

_1056440501.unknown

_1056439741.unknown

_1056437441.unknown

_1056437294.unknown

_1056435153.unknown

_1056434502.unknown

_1056434838.unknown

_1056434359.unknown

_1056434120.unknown

_1056434211.unknown

_1056434062.unknown

_1049531830.unknown

_1049535293.unknown

_1049893453.unknown

_1049893583.unknown

_1056432041.unknown

_1049893460.unknown

_1049893445.unknown

_1049532392.unknown

_1049534125.unknown

_1049534154.unknown

_1049534227.unknown

_1049532412.unknown

_1049532321.unknown

_1049266958.unknown

_1049524048.unknown

_1049524325.unknown

_1049267265.unknown

_1047907670.unknown

_1047973516.unknown

_1049266860.unknown

_1047973282.unknown

_1047973392.unknown

_1047907308.unknown

_1047907383.unknown

_1047907202.unknown

_1047876930.unknown

_1047879958.unknown

_1047906321.unknown

_1047906951.unknown

_1047907052.unknown

_1047906427.unknown

_1047906482.unknown

_1047906368.unknown

_1047906258.unknown

_1047906283.unknown

_1047899678.unknown

_1047876992.unknown

_1047877475.unknown

_1047876958.unknown

_1047816829.unknown

_1047816976.unknown

_1047817013.unknown

_1047816935.unknown

_1045917650.unknown

_1047794930.unknown

_1047795051.unknown

_1045919784.unknown

_1047794717.unknown

_1045919802.unknown

_1045919769.unknown

_1045650370.unknown

_1045650777.unknown

_1045650796.unknown

_1045650759.unknown

_1045650351.unknown

