Chapter 07.02
Trapezoidal Rule of Integration

After reading this chapter, you should be able to:

derive the trapezoidal rule of integration,

use the trapezoidal rule of integration to solve problems,

derive the multiple-segment trapezoidal rule of integration,

use the multiple-segment trapezoidal rule of integration to solve problems, and
derive the formula for the true error in the multiple-segment trapezoidal rule of
integration.

SR N~

What is integration?

Integration is the process of measuring the area under a function plotted on a graph. Why
would we want to integrate a function? Among the most common examples are finding the
velocity of a body from an acceleration function, and displacement of a body from a velocity
function. Throughout many engineering fields, there are (what sometimes seems like)
countless applications for integral calculus. You can read about some of these applications in
Chapters 07.00A-07.00G.

Sometimes, the evaluation of expressions involving these integrals can become daunting, if
not indeterminate. For this reason, a wide variety of numerical methods has been developed
to simplify the integral.

Here, we will discuss the trapezoidal rule of approximating integrals of the form

I = jf(x)dx

where
f(x) is called the integrand,

a = lower limit of integration
b = upper limit of integration
What is the trapezoidal rule?

The trapezoidal rule is based on the Newton-Cotes formula that if one approximates the
integrand by an n"™ order polynomial, then the integral of the function is approximated by
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the integral of that n™ order polynomial. Integrating polynomials is simple and is based on
the calculus formula.

F B [f(x)dx fix)

Figure 1 Integration of a function

b n+l n+l

Ix”dx:(b—a], n#—1 (1)

/ n+1
So if we want to approximate the integral

b

=] f(x)dx )
to find the value of the above integral, one assumes

J(x) = 1, (x) 3)
where

fi(x)=a,+ax+..+a, x"" +ax". 4)

th

where f (x) is a n" order polynomial. The trapezoidal rule assumes n =1, that is,

approximating the integral by a linear polynomial (straight line),
b b
If(x)dx ~ J.f1 (x)dx

Derivation of the Trapezoidal Rule

Method 1: Derived from Calculus

[ £~ ] (s

b
= I(ao + a,x)dx

=ao(b—a)+a1£b2;azj )
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But what is @, and a,? Now if one chooses, (a, f(a)) and (b, f(b)) as the two points to

approximate f(x) by a straight line from a to b,

fla)=fi(a)=a,+aa
f(b) = f,(b)=a, +ab

Solving the above two equations for @, and q,,

_ SO~ f(@
: b—a
_ f(@)b—f(b)a
0 b—a
Hence from Equation (5),
[ £ = L @Sy O f @)~
/ b—a b—a 2

e a){f(a) . f(b)}

Method 2: Also Derived from Calculus
f,(x) can also be approximated by using Newton’s divided difference polynomial as

ﬁ(x)zf(a)+f(b) f“”(x a)

Hence

[ 7= ] (s

:j‘[f(a)+M(x—a)}dx
/ b-a

= {f(a)x + —f(b; : i:(a) (% - axﬂa

= f(a)b~ f(a)a+ f(b;:af(a) [%—ab—%#—azj
_ B f)-f@\bp® a’
= f(a)b— f(a)a+ g (2 ab + 2]
~ f@ph— flaya+| LDL@D gy
b-a 2

= f(a)b— f(a)a+— (f(b) f@)b-a)

(6)
(7)

(8a)

(8b)

9)

(10)
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=fww—fmm+%fww—%fwm—%fmw+§fmm

= % fla)b- % f(a)a+ % f(b)b— %f (b)a

_ (’H”{M} (11)

This gives the same result as Equation (10) because they are just different forms of writing
the same polynomial.

Method 3: Derived from Geometry
The trapezoidal rule can also be derived from geometry. Look at Figure 2. The area under
the curve f,(x) is the area of a trapezoid. The integral

b
I f(x)dx = Area of trapezoid

= %(Sum of length of parallel sides)(Perpendicular distance between parallel sides)

-+ @k -a)

—(h- a{w} (12)
2
7y [ ’Tx)
~ fefic)
X
Figure 2 Geometric representation of trapezoidal rule.
Method 4: Derived from Method of Coefficients
The trapezoidal rule can also be derived by the method of coefficients. The formula
b
b—a b—a
[ f0dy === f(@)+=—=f(b) (13)
’ 2
= Zcif (x,)
i=1

where
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_b-a
¢, = 5
X, =a
x,=b

¥ fix)

Aren o fiz)

Figure 3 Area by method of coefficients.

The interpretation is that f(x) is evaluated at points a and b, and each function evaluation
is given a weight of b%a' Geometrically, Equation (12) is looked at as the area of a

trapezoid, while Equation (13) is viewed as the sum of the area of two rectangles, as shown
in Figure 3. How can one derive the trapezoidal rule by the method of coefficients?

Assume

[/@)dx = e f(a)+e,/®) (14)

b b
Let the right hand side be an exact expression for integrals of Ildx and dex, that is, the

formula will then also be exact for linear combinations of f(x) =1 and f(x)= x, that is, for

fx)=a,(D+a,(x).

b
Ildx:b—a=cl+cz (15)
b 2 2
jxdxzb a =ca+c,b (16)
Solving the above two equations gives
b—a
¢ =
2
¢, =b=a (17)
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Hence

b_af(a)+b_

a
5 AL (18)

[ 7o =

Method 5: Another approach on the Method of Coefficients
The trapezoidal rule can also be derived by the method of coefficients by another approach

J ey =22 @)+ 222 £ )
Assumea
[ (e = e, @)+, /() (19)

Let the right hand side be exact for integrals of the form
b

J‘(a0 +a,x )dx

So

N
(a0 + alx)dx = (aox +a, x?j

=a0(b—a)+al(b2 ‘“2] (20)

QY C—

But we want
b

j(ao +a1x)dx:clf(a)+czf(b) (21)
to give tile same result as Equation (20) for f(x)=a, +a,x.

j(a0 +a,x)dx = ¢, (a, +a,a)+c,(a, +a,b)

" = ao(cl +cz)+ a, (cla+czb) (22)
Hence from Equations (20) and (22),

2
ao(b—a)Jral( ]=a0(01+c2)+a1(cla+czb)

b*—a’
Since a, and a, are arbitrary for a general straight line

(23)
Again, solving the above two equations (23) gives
b—a
C =
2
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b-a
C = 5 (24)
Therefore
[F@dx= e f(a)+e,/®)
b—a b—a
= Sf(a)+ 5 S (b) (25)
Example 1

A trunnion of diameter 12.363" has to be cooled from a room temperature of 80°F before it
is shrink fit into a steel hub (Figure 4).

Figure 4 Trunnion to be slid through the hub after contracting.

The equation that gives the diametric contraction, in inches of the trunnion in dry-ice/alcohol

(boiling temperature is —108°F) is given by:
-108

AD =12363 [(-1.2278x10"'T2 +6.1946x10°T +6.015x 10" JaT
80

a) Use single segment Trapezoidal rule to find the contraction.
b) Find the true error, E,, for part (a).
c) Find the absolute relative true error for part (a).

Solution

a) I~(b- a{w} , where
a =80
b=-108

£(T)=12.363(-1.2278 10" T* + 6.1946 x10° T +6.015x 10 )
£(80)=12363(~1.2278x10™"(80) +6.1946x107(80)+ 6.015x10°°

=7.9519x107
f(~108)= 12.363(—1.2278 x10™"'(=108)’ +6.1946x10° (- 108)+ 6.015 x 10-6)
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=6.4322x10°°
-5 -5
I (_108_80){7.951%10 +6.4322x10 }
2
~—0.013521 in

b) The exact value of the above integral is
-108

AD =12363 [(-1.2278x107' 7% +6.1946 x 10T +6.015x 10 T
80

=—-0.013689 in
so the true error is
E, =True Value — Approximate Value
=—0.013689 — (- 0.013521)
=-0.00016810
c¢) The absolute relative true error,

€,|, would then be

True Error

|et|: x100 %

True Value
_ —-0.00016810 <100 %
—-0.013689

=1.2280%

Multiple-Segment Trapezoidal Rule

In Example 1, the true error using a single segment trapezoidal rule was large. We can
divide the interval [80,—108 into [80,—14] and [-14,—108] intervals and apply the

trapezoidal rule over each segment.
-108

AD =12.363 [(-12278x107'T* +6.1946 10T +6.015x 10 T
80

-108 -14 -108

j F(T)dT = j F(T)dT + j F(T)dT

14

7(80)= 12.363(—1.2278 x107"(80) +6.1946x107(80)+6.015x 10*6)
=7.9519%x10 in

f(-14)= 12.363(—1.2278>< 107" (= 14) +6.1946x10°(~14)+ 6.015x 10‘6)5
=7.3262x10in

f(~108)= 12.363(—1.2278><10‘“(—108)2 +6.1946x107°(~108)+6.015 ><10"6)
= 6.4322x107 in
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Hence

- 7.9519x107° +7.3262x107

J‘f(T)dT ~ (~14-80) 7.3262x107 +6.4322x10
2
80

2

}(—108—(—14)}{
=-0.013647 in

The true error, E, is
E, =-0.013689 — (- 0.013647)

=-0.000042 in
The true error now is reduced from —0.000168in. to —0.000042 in. Extending this
procedure to dividing [a,b] into n equal segments and applying the trapezoidal rule over
each segment, the sum of the results obtained for each segment is the approximate value of
the integral.
Divide (b —a) into n equal segments as shown in Figure 4. Then the width of each segment

1S

h= (26)
n
The integral / can be broken into / integrals as
b
1= I f(x)dx
a+h a+2h a+(n—1)h
j fdx+ [ fG)dx+ ..+ j F(x)dx + j £ (x)dx 27)
a+h a+(n-2)h a+(n=1)h
y fix)

. - -
ol at g a+27ﬂ ati— b X

Figure 4 Multiple (n = 4) segment trapezoidal rule

Applying trapezoidal rule Equation (27) on each segment gives

jlf(x)dX=[(a+h)_a{f(a)+§(a+h)}
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+[(a+2h)—(a+h){f(a+h)+f(a+2h)}

2

TP +[(a+(n—1)h)—(a+(n_2)],1){]((0+(n—2)h)+f(a+(n—l)h)}

- as o LD O]

=h{f(a)+§(a+h)} +h{f(a+h)+2f(a+2h)} N
+h[f(a+(n—2)h)+f(a+(n—1)h)}+h[f(a+(n—1)h)+f(b)}

2 2

:h{f(a)+2f(a+h)+2f(a+2h)+...+2f(a+(n—1)h)+f(b)}
2

= %[f(a) + 2{’2 Sfla+ ih)} + f(b)}

= b2_na {f(a) + Z{nz fla+ ih)} + f(b)} (28)

Example 2

A trunnion of diameter 12.363" has to be cooled from a room temperature of 80°F before it
is shrink fit into a steel hub (Figure 4). The equation that gives the diametric contraction, in
inches of the trunnion in dry-ice/alcohol (boiling temperature is —108°F ) is given by:

-108

AD =12363 [(~1.2278 X107 72 +6.1946 x 10T +6.015x 10 T
80

a) Use two segment Trapezoidal rule to find the contraction.
b) Find the true error, E,, for part (a).
c) Find the absolute relative true error for part (a).

Solution

a) The solution using 2-segment Trapezoidal rule is

~b—a
2n
n=2
a=280
b=-108

1

{ fa)+ 2{2 fla+ ih)} N f(b)}
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 —108-80
2
=94

I~ %{ £(80)+ 2{2 fla+ ih)} + f(- 108)}

188
4
188

[£(80)+2£(80+1x(—94))+ f(~108)]

[7(80)+2/(~14)+ f(-108)]

~—47[7.9519x10° +2(7.3262x10°7* )+ 6.4322x10°* |
~—0.013647 in

b) The exact value of the above integral is
-108

AD =12363 [(-1.2278x107' 72 +6.1946 x 10T +6.015x 10 T
80

=-0.013689 in
so the true error is
E, = True Value — Approximate Value
=—0.013689 — (- 0.013647)
=-0.000042026 in
c¢) The absolute relative true error,

€,|, would then be

True Error <100 %

e]=

True Value

_|~0.000042026| 100%
~0.013689 |

=0.30700 %

Table 1 Values obtained using multiple-segment Trapezoidal rule for
-108

AD =12363 [(~1.2278x107'72 +6.1946 x 10T +6.015x 10~ JaT

80

n Value E, | % €, %
-0.013521 | —0.00016810 1.2280
—0.013647 | —4.2026x107° |  0.30700 0.92328
—0.013670 | —1.8678x107° | 0.13644 0.16825

-0.013679 | —1.0506x10° 0.076750 0.059740
—0.013682 | —6.7241x10°° 0.049120 0.027644
—0.013684 | —4.6695%x10°° 0.034111 0.015014
—-0.013686 | —3.4307x10°° 0.025061 0.0090522
—-0.013687 | —2.6266x10°° 0.019188 0.0058749

0O N L AW N
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Example 3

Use the multiple-segment trapezoidal rule to find the area under the curve
300x
S (x)=

from x=0 to x-lO.

Solution

Using two segments, we get

po10-0
2
£(0) = 30020) 0
5= 300(5) =10.039
1+¢’
£(10) —M 0.136
1+e"

D ‘n" [ fa)+ 2{2 fla+ ih)} i f(b)}

_10-0
20) { (0)+ 2{2 0+ 5)} +fd 0)}

=7[f(0)+2f(5)+f(10)]

= %[0 +2(10.039) +0.136] =50.537

So what is the true value of this integral?
‘I‘) 300x
o 1+e’

dx = 246.59

Making the absolute relative true error

e, _[24659-50.535]

T 24659 |
=79.506%

Why is the true value so far away from the approximate values? Just take a look at Figure 5.
As you can see, the area under the “trapezoids™ (yeah, they really look like triangles now)
covers a small portion of the area under the curve. As we add more segments, the
approximated value quickly approaches the true value.
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100 T T T T

23539,

fix)

Figure 5 2-segment trapezoidal rule approximation.

Table 2 Values obtained using multiple-segment trapezoidal rule for 1-('?1320;" dx .

" ég%)urgmmate E, |€t |

1 ]0.681 245.91 | 99.724%

2 |50.535 196.05 | 79.505%

4 1170.61 75.978 | 30.812%

8 |227.04 19.546 | 7.927%

16 | 241.70 4.887 | 1.982%

32 | 245.37 1.222 | 0.495%

64 | 246.28 0.305 |0.124%

Example 4

Use multiple-segment trapezoidal rule to find
2
1
I =|—dx
I
Solution

We cannot use the trapezoidal rule for this integral, as the value of the integrand at x =0 is
infinite. However, it is known that a discontinuity in a curve will not change the area under
it. We can assume any value for the function at x =0. The algorithm to define the function
so that we can use the multiple-segment trapezoidal rule is given below.
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Function f(x)

If x=0Then f =0

If x#0 Then f =x"(-0.5)
End Function

Basically, we are just assigning the function a value of zero at x =0. Everywhere else, the
function is continuous. This means the true value of our integral will be just that—true.
Let’s see what happens using the multiple-segment trapezoidal rule.

Using two segments, we get

£(2)=—=0.70711

S~

[ =

2_ a { fla)+ 2{2 fla+ ih)} + f(b)}

n
_2-0
202

20+ 2/ 0+ /)]

{f<0)+2{2f(0+1)}+f(2)}

i=

= %[o +2(1)+0.70711]

=1.3536
So what is the true value of this integral?

2
1
——dx =2.8284
=

Thus making the absolute relative true error

2.8284-1.3536|
2.8284 |

=52.145%

00

|€t|:|
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2
. 1
Table 3 Values obtained using multiple-segment trapezoidal rule for J. Ta’x .
0 x

Approximate

" Vgﬁle E, |e’|

2 1.354 1.474 | 52.14%
4 1.792 1.036 | 36.64%
8 2.097 0.731 | 25.85%
16 2.312 0.516 | 18.26%
32 2.463 0.365 | 12.91%
64 2.570 0.258 | 9.128%
128 | 2.646 0.182 | 6.454%
256 | 2.699 0.129 | 4.564%
512 | 2.737 0.091 | 3.227%
1024 | 2.764 0.064 | 2.282%
2048 | 2.783 0.045 | 1.613%
4096 | 2.796 0.032 | 1.141%

Error in Multiple-segment Trapezoidal Rule

The true error for a single segment Trapezoidal rule is given by

3
£ == @), a<g <
Where ¢ is some point in [a,b].
What is the error then in the multiple-segment trapezoidal rule? It will be simply the sum of
the errors from each segment, where the error in each segment is that of the single segment

trapezoidal rule. The error in each segment is

a=—Kﬁi%iﬁ£f%ax a<¢ <a+h

h’ "
:_Ef (é/l)

[(a+2h)=(a+h)]
12

h’ "
= _Ef (gz)

E,=- f"(&,), a+h<d,<a+2h

E :—[(“”h)_(f; GC=ODF i) arDh<s <a+in

__h_3 "
=15/ )




g lar@-vhj—la+@m-2nff

" 12
__h_3 "
= 12f(é”,,_l)
g = lb—lax(n=Dh}f
12
__h_3 "
= 12f(é.“n)
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S(En), a+t(n=2)h<g,  <a+(n-1h

f"(&,), at(n-1)h<g, <b

Hence the total error in the multiple-segment trapezoidal rule is

E=YE
i=1

h? "
= _E;f (é/z)

__(-a) 3,
=T Z;,f ()

n

 (-ay ;f"(e:)

1247 n
> &)

The term =——— is an approximate

n
derivative f"(x), a<x<b.

Hence

ay 2

12n° n
In Table 4, the approximate value of the integral

30
j 20001 120000 —9.8¢ |dt
140000 — 2100¢

8

E =

average value of the second

is given as a function of the number of segments. You can visualize that as the number of
segments are doubled, the true error gets approximately quartered.
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Table 4 Values obtained using multiple-segment trapezoidal rule for

30
x = j (20001{ 140000 } _ 9.8t]dt .
) 140000 — 21007

" égﬁlrgmmate E |€t|% e |%

2 | 11266 -205 | 1.853 5.343

4 111113 -52 104701 |0.3594
8 | 11074 -13 [ 0.1175 | 0.03560
16 | 11065 -4 0.03616 | 0.00401

For example, for the 2-segment trapezoidal rule, the true error is -205, and a quarter of that
error is -51.25. That is close to the true error of -48 for the 4-segment trapezoidal rule.

Can you answer the question why is the true error not exactly -51.25? How does this
information help us in numerical integration? You will find out that this forms the basis of
Romberg integration based on the trapezoidal rule, where we use the argument that true error
gets approximately quartered when the number of segments is doubled. Romberg integration
based on the trapezoidal rule is computationally more efficient than using the trapezoidal rule
by itself in developing an automatic integration scheme.

INTEGRATION

Topic Trapezoidal Rule
Summary These are textbook notes of trapezoidal rule of integration

Major Mechanical Engineering
Authors Autar Kaw, Michael Keteltas
Date December 13, 2012

Web Site  http://numericalmethods.eng.usf.edu




	Chapter 07.02
	Trapezoidal Rule of Integration
	What is integration?
	What is the trapezoidal rule?
	Derivation of the Trapezoidal Rule
	Method 1: Derived from Calculus
	Method 2: Also Derived from Calculus
	Method 3: Derived from Geometry
	Method 4: Derived from Method of Coefficients
	Method 5: Another approach on the Method of Coefficients

	Example 1
	Solution
	Multiple-Segment Trapezoidal Rule
	Example 2
	Solution
	Example 3
	Solution
	Example 4
	Solution
	Error in Multiple-segment Trapezoidal Rule


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (GRACoL2006_Coated1v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CompatibilityLevel 1.5

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages false

  /CreateJobTicket false

  /DefaultRenderingIntent /RelativeColorimetric

  /DetectBlends false

  /DetectCurves 0.0000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams true

  /MaxSubsetPct 1

  /Optimize true

  /OPM 1

  /ParseDSCComments false

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage false

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Preserve

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages false

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.00000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages false

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.00000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages false

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.00000

  /EncodeMonoImages true

  /MonoImageFilter /FlateEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (GRACoL2006_Coated1v2)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<

    /ENU ([Based on 'Lulu'] Use these settings to create Adobe PDF documents best suited for Lulu's printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName (GRACoL2006_Coated1v2)

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /ClipComplexRegions true

        /ConvertStrokesToOutlines false

        /ConvertTextToOutlines false

        /GradientResolution 300

        /LineArtTextResolution 1200

        /PresetName ([High Resolution])

        /PresetSelector /HighResolution

        /RasterVectorBalance 1

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MarksOffset 6

      /MarksWeight 0.250000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [1200 1200]

  /PageSize [612.000 792.000]

>> setpagedevice



