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Chapter 04.08

Gauss-Seidel Method
After reading this chapter, you should be able to:
1. solve a set of equations using the Gauss-Seidel method,

2. recognize the advantages and pitfalls of the Gauss-Seidel method, and

3. determine under what conditions the Gauss-Seidel method always converges.
Why do we need another method to solve a set of simultaneous linear equations?

In certain cases, such as when a system of equations is large, iterative methods of solving equations are more advantageous.  Elimination methods, such as Gaussian elimination, are prone to large round-off errors for a large set of equations.  Iterative methods, such as the Gauss-Seidel method, give the user control of the round-off error.  Also, if the physics of the problem are well known, initial guesses needed in iterative methods can be made more judiciously leading to faster convergence.

What is the algorithm for the Gauss-Seidel method?  Given a general set of 
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 equations and 
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 unknowns, we have
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If the diagonal XE "diagonal"  elements XE "diagonal elements"  are non-zero, each equation is rewritten for the corresponding unknown, that is, the first equation is rewritten with 
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 on the left hand side, the second equation is rewritten with 
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 on the left hand side and so on as follows
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These equations can be rewritten in a summation form as
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Hence for any row 
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Now to find 
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’s, one assumes an initial guess for the 
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’s and then uses the rewritten equations to calculate the new estimates.  Remember, one always uses the most recent estimates to calculate the next estimates, 
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.  At the end of each iteration, one calculates the absolute relative approximate error for each 
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where 
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is the recently obtained value of 
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, and 
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When the absolute relative approximate error for each xi is less than the pre-specified tolerance, the iterations are stopped.

Example 1

A liquid-liquid extraction process conducted in the Electrochemical Materials Laboratory involved the extraction of nickel from the aqueous phase into an organic phase. A typical set of experimental data from the laboratory is given below.

	Ni aqueous phase, 
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Assuming 
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 is the amount of Ni in the organic phase and 
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 is the amount of Ni in the aqueous phase, the quadratic interpolant that estimates 
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 is given by   
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The solution for the unknowns 
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 is given by
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Find the values of 
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 using the Gauss-Seidel method.   Estimate the amount of nickel in the organic phase when 2.3 g/l is in the aqueous phase using quadratic interpolation. Use
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as the initial guess and conduct two iterations.

Solution

Rewriting the equations gives
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Iteration #1

Given the initial guess of the solution vector XE "vector"  as
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we get
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The absolute relative approximate error for each 
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At the end of the first iteration, the estimate of the solution vector XE "vector"  is
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and the maximum absolute relative approximate error is 
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Iteration #2

The estimate of the solution vector XE "vector"  at the end of Iteration #1 is
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Now we get
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The absolute relative approximate error for each 
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At the end of the second iteration, the estimate of the solution vector is
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and the maximum absolute relative approximate error is 
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Conducting more iterations gives the following values for the solution vector XE "vector"  and the corresponding absolute relative approximate errors.

	Iteration
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After six iterations, the absolute relative approximate errors are not decreasing much. In fact, conducting more iterations reveals that the absolute relative approximate error converges to a value of 
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 for all three values with the solution vector diverging from the exact solution drastically.

	Iteration
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The exact solution vector XE "vector"  is



[image: image93.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

55

.

8

27

.

2

14

.

1

3

2

1

x

x

x


To correct this, the coefficient matrix needs to be more diagonally dominant. To achieve a more diagonally dominant coefficient matrix, rearrange the system of equations by exchanging equations one and three.
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Iteration #1

Given the initial guess of the solution vector XE "vector"  as
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we get
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The absolute relative approximate error for each 
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At the end of the first iteration, the estimate of the solution vector XE "vector"  is
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and the maximum absolute relative approximate error is 
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Iteration #2

The estimate of the solution vector XE "vector"  at the end of Iteration #1 is
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Now we get
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The absolute relative approximate error for each 
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At the end of the second iteration, the estimate of the solution is
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and the maximum absolute relative approximate error is 
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Conducting more iterations gives the following values for the solution vector XE "vector"  and the corresponding absolute relative approximate errors.

	Iteration
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After six iterations, the absolute relative approximate errors seem to be decreasing. Conducting more iterations allows the absolute relative approximate error decrease to an acceptable level.
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This is close to the exact solution vector XE "vector"  of
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The polynomial that passes through the three data points is then
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where 
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 is the amount of nickel in the organic phase and 
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 is the amount of nickel in the aqueous phase.

When 
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The above system of equations XE "system of equations"  does not seem to converge.  Why? XE "column vector" 
Well, a pitfall of most iterative methods is that they may or may not converge.  However, the solution to a certain classes of systems of simultaneous equations does always converge using the GaussSeidal-Seidel method.  This class of system of equations XE "system of equations"  is where the coefficient matrix XE "matrix"  
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If a system of equations XE "system of equations"  has a coefficient matrix XE "matrix"  that is not diagonally dominant, it may or may not converge.  Fortunately, many physical systems that result in simultaneous linear equations have a diagonally dominant coefficient matrix XE "diagonally dominant coefficient matrices" , which then assures convergence for iterative methods such as the GaussSeidal-Seidel method of solving simultaneous linear equations.

Example 2

Find the solution to the following system of equations XE "system of equations"  using the Gauss-Seidel method.
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Use
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as the initial guess and conduct two iterations.
Solution

The coefficient matrix XE "matrix" 
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is diagonally dominant as
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and the inequality is strictly greater than for at least one row.  Hence, the solution should converge using the Gauss XE "Gauss" -Seidel method.

Rewriting the equations, we get
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Assuming an initial guess of
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Iteration #1
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The absolute relative approximate error at the end of the first iteration is
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The maximum absolute relative approximate error is 100.00%

Iteration #2
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At the end of second iteration, the absolute relative approximate error is
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The maximum absolute relative approximate error is 240.61%.  This is greater than the value of 100.00% we obtained in the first iteration.  Is the solution diverging?  No, as you conduct more iterations, the solution converges as follows.
	Iteration
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This is close to the exact solution vector XE "vector"  of 
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Example 3

Given the system of equations XE "system of equations" 
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find the solution using the Gauss XE "Gauss" -Seidel method.  Use 
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as the initial guess.

Solution

Rewriting the equations, we get
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Assuming an initial guess of
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the next six iterative values are given in the table below.
	Iteration
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You can see that this solution is not converging and the coefficient matrix XE "matrix"  is not diagonally dominant.  The coefficient matrix
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is not diagonally dominant as
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Hence, the Gauss XE "Gauss" -Seidel method may or may not converge.

However, it is the same set of equations as the previous example and that converged.  The only difference is that we exchanged first and the third equation with each other and that made the coefficient matrix XE "matrix"  not diagonally dominant.

Therefore, it is possible that a system of equations XE "system of equations"  can be made diagonally dominant if one exchanges the equations with each other.  However, it is not possible for all cases.  For example, the following set of equations
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cannot be rewritten to make the coefficient matrix XE "matrix"  diagonally dominant.
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