Chapter 05.02
Direct Method of Interpolation

After reading this chapter, you should be able to:
1. apply the direct method of interpolation,
2. solve problems using the direct method of interpolation, and
3. use the direct method interpolants to find derivatives and integrals of discrete
functions.

What is interpolation?

Many times, data is given only at discrete points such as (x,,v,), (x;,3), --.... (o),
(x,,v,). So, how then does one find the value of y at any other value of x? Well, a

continuous function f (x) may be used to represent the n+1 data values with f (x) passing
through the »n +1 points (Figure 1). Then one can find the value of y at any other value of

x . This is called interpolation.

Of course, if x falls outside the range of x for which the data is given, it is no longer
interpolation but instead is called extrapolation.

So what kind of function f(x) should one choose? A polynomial is a common
choice for an interpolating function because polynomials are easy to

(A) evaluate,
(B) differentiate, and
(C) integrate
relative to other choices such as a trigonometric and exponential series.

Polynomial interpolation involves finding a polynomial of order » that passes
through the n+1 points. One of the methods of interpolation is called the direct method.
Other methods include Newton’s divided difference polynomial method and the Lagrangian
interpolation method. We will discuss the direct method in this chapter.
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Figure 1 Interpolation of discrete data.

Direct Method
The direct method of interpolation is based on the following premise. Given n+1 data
points, fit a polynomial of order » as given below

V=0, +aq X+ +a x" (1)
through the data, where a,,a,,......... ,a, are n+1 real constants. Since n+1 values of y are

given at n+1 values of x, one can write n+1 equations. Then the n+1 constants,
Ay ,a, can be found by solving the n +1 simultaneous linear equations. To find the

value of y at a given value of x, simply substitute the value of x in Equation 1.

But, it is not necessary to use all the data points. How does one then choose the order
of the polynomial and what data points to use? This concept and the direct method of
interpolation are best illustrated using examples.

Example 1

The upward velocity of a rocket is given as a function of time in Table 1.

Table 1 Velocity as a function of time.

t (s) v(t) (m/s)
0 0

10 227.04

15 362.78

20 517.35
22.5 602.97

30 901.67
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Figure 2 Graph of velocity vs. time data for the rocket example.

0

Determine the value of the velocity at # =16 seconds using the direct method of interpolation
and a first order polynomial.

Solution

For first order polynomial interpolation (also called linear interpolation), the velocity given
by
v(t) =a,tat

(xmyo)

v
=

Figure 3 Linear interpolation.
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Since we want to find the velocity at £ =16, and we are using a first order polynomial, we
need to choose the two data points that are closest to 7 =16 that also bracket t =16 to

evaluate it. The two points are 7, =15 and ¢, = 20.
Then
t, =15, vlt,)=362.78
t, =20, v(t,)=517.35
gives
v(15)=a, +a,(15)=362.78
v(20) = a, +a,(20)=517.35
Writing the equations in matrix form, we have
1 15]a, 362.78
L 20}{411} - {517.35}

Solving the above two equations gives

a, =—100.93

a, =30.914
Hence

v(t) =a,+at

=-100.93+30.914¢, 15<¢<20

At t =16,

v(16)=-100.92+30.914x16

=393.7m/s

Example 2

The upward velocity of a rocket is given as a function of time in Table 2.

Table 2 Velocity as a function of time.

t (s) v(t) (m/s)
0 0

10 227.04

15 362.78

20 517.35
22.5 602.97
30 901.67

Determine the value of the velocity at # =16 seconds using the direct method of interpolation
and a second order polynomial.
Solution

For second order polynomial interpolation (also called quadratic interpolation), the velocity
is given by
v(t) =a,tat+ a2t2
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Figure 4 Quadratic interpolation.

Since we want to find the velocity at 1 =16, and we are using a second order polynomial, we
need to choose the three data points that are closest to # =16 that also bracket 1 =16 to
evaluate it. The three points are ¢, =10, ¢, =15, and ¢, = 20.

Then
t, =10, v(t,)=227.04
t, =15, v(t,)=362.78
t, =20, v(t,)=517.35
gives

v(10)=a, +a,(10)+ a,(10)* = 227.04
v(15)=a, +a,(15)+a,(15)’ =362.78

(20) = a, +a,(20)+ a,(20)° =517.35
Writing the three equations in matrix form, we have
1 10 100 a,| [227.04
1 15 225 a, |=|362.78
1 20 400|a,| |517.35

Solving the above three equations gives
a, =12.05

a,=17.733
a, =0.3766

\%

Hence
v(t)=12.05+17.733t +0.3766¢>, 10<¢ <20
At t=16,
v(16)=12.05+17.733(16) + 0.3766(16)°
=392.19m/s



The absolute relative approximate error

second order polynomial is
[392.19-393.70|
39219 |
=0.38410%
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Example 3

Ell
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obtained between the results from the first and

The upward velocity of a rocket is given as a function of time in Table 3.

Table 3 Velocity as a function of time.

t(s) v(t) (m/s)
0 0

10 227.04

15 362.78

20 517.35
22.5 602.97
30 901.67

a) Determine the value of the velocity at #=16 seconds using the direct method of
interpolation and a third order polynomial.
b) Find the absolute relative approximate error for the third order polynomial approximation.
c¢) Using the third order polynomial interpolant for velocity from part (a), find the distance
covered by the rocket from #=11s to t =16s.

d) Using the third order polynomial interpolant for velocity from part (a), find the

acceleration of the rocket at ¢t =16s

Solution

a) For third order polynomial interpolation (also called cubic interpolation), we choose the

velocity given by
v(t) =a,+at+ a2t2 + a3t3
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Figure 5 Cubic interpolation.

Since we want to find the velocity at =16, and we are using a third order polynomial, we
need to choose the four data points closest to # =16 that also bracket 7 =16 to evaluate it.
The four points are ¢, =10, ¢, =15, t, =20 and ¢, =22.5.

Then
t, =10, vlz,)=227.04
t, =15,  (t,)=362.78
t, =20, wt,)=517.35
ty =22.5, v(t,)=602.97
gives

Writing the four equations in matrix form, we have

1 10 100 1000 | a, 227.04

1 15 225 3375 | q, 362.78

1 20 400 8000 |a,| |517.35

1 22.5 506.25 11391 a, 602.97
Solving the above four equations gives

a, =—-4.2540

a, =21.266

a, =0.13204
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a, = 0.0054347
Hence
v(t) =a,tat+ a2t2 + a3t3
= —4.2540 +21.266¢ + 0.13204¢> +0.0054347¢*, 10<1<22.5

v(16) = —4.2540 +21.266(16)+0.13204(16)° + 0.0054347(16)’
=392.06m/s
b) The absolute percentage relative approximate error |ea| for the value obtained for v(16)
between second and third order polynomial is
_[392.06-392.19|
| 39206 |

=0.033269%
c¢) The distance covered by the rocket between ¢ =11s and # =16s can be calculated from the

interpolating polynomial
() = —4.2540 +21.266¢ + 0.13204¢> +0.0054347t>, 10<t<22.5
Note that the polynomial is valid between # =10 and ¢ =22.5 and hence includes the limits

of integration of # =11 and ¢ =16.
So

e(l

16

5(16)—s(11) = [(e)dr

11

16
= J.(—4.254O +21.266¢ +0.13204¢> +0.0054347¢ ) dt

11

2 3 416
—| = 42540 +21.266 +0.13204 +0.0054347
2 3 4|
~1605m
d) The acceleration at £ =16 is given by

a(16)=Lo(0) .

dt
Given that

() = —4.2540 +21.266¢ + 0.13204¢> +0.0054347¢>, 10<t<22.5

a@:%W)

= %(— 4.2540 +21.266¢ +0.13204¢” +0.0054347¢° )

=21.266+0.26408¢ +0.016304¢>, 10<¢<22.5
a(16)=21.266 +0.26408(16)+ 0.016304(16)°
=29.665m/s’



Direct Method of Interpolation

INTERPOLATION

Topic Direct Method of Interpolation

Summary Textbook notes on the direct method of interpolation.
Major General Engineering

Authors Autar Kaw, Peter Warr, Michael Keteltas

Date June 17, 2012

Web Site  http://numericalmethods.eng.usf.edu




	Chapter 05.02
	Direct Method of Interpolation
	What is interpolation?
	Direct Method
	Example 1
	Solution
	Example 2
	Solution
	Example 3
	Solution


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (GRACoL2006_Coated1v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages false

  /CreateJobTicket false

  /DefaultRenderingIntent /RelativeColorimetric

  /DetectBlends false

  /DetectCurves 0.0000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams true

  /MaxSubsetPct 1

  /Optimize true

  /OPM 1

  /ParseDSCComments false

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage false

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Preserve

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages false

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.00000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages false

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.00000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages false

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.00000

  /EncodeMonoImages true

  /MonoImageFilter /FlateEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (GRACoL2006_Coated1v2)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<

    /ENU ([Based on 'Lulu'] Use these settings to create Adobe PDF documents best suited for Lulu's printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName (GRACoL2006_Coated1v2)

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /ClipComplexRegions true

        /ConvertStrokesToOutlines false

        /ConvertTextToOutlines false

        /GradientResolution 300

        /LineArtTextResolution 1200

        /PresetName ([High Resolution])

        /PresetSelector /HighResolution

        /RasterVectorBalance 1

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MarksOffset 6

      /MarksWeight 0.250000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [1200 1200]

  /PageSize [612.000 792.000]

>> setpagedevice



