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V Introduction

This worksheet demonstrates the use of Maple to illustrate Central Difference Approximation of the
first derivative of continuous functions.

Central Difference Approximation of the first derivative uses a point # ahead and a point 4 behind of
the given value of x at which the derivative of f(x) is to be found.

oy < J(x Fh) —f(x—h)
f1x) = 7

V Initialization

[> restart;
with (plots) :

V Section 1: Input
The following simulation approximates the first derivative of a function using Central Difference
Approximation. The user inputs are

a) function, f{x)

b) point at which the derivative is to be found, xv

c) starting step size, &

d) number of times user wants to halve the step size, n

The outputs include

a) approximate value of the derivative at the point and given initial step size

b) exact value

¢) true error, absolute relative true error, approximate error and absolute relative approximate
error, number of at least correct significant digits in the solution as a function of step size.

[Function f(x).

> fi=x—exp(2-x);

i fi=x—e” @3.1)
[Value of x at which f'(x) is desired, xv

> xv:i=4.0;




t xv:=4.0 3.2)
EStarting step size, h

> h:=0.2;
| h:=0.2 3.3)
[Number of times step size is halved
> n:i=6;
n:==6 3.4)

This is the end of the user section. All the information must be entered before proceeding to the next
| section. Re-execute the program.

V Section 2: Procedure

The following procedure estimates the solution of first derivate of an equation at a point xv.
f(x) = function
xv = value at which the solution is desired
h = step size value
‘'n = number of times step size is halved
> CDD :Zproc( f, xv, h)
local deriv:
(f(xv+h) — f(xv—nh))
2- h

deriv =

return (deriv) :

end proc:

V Section 3: Calculation

The exact value Ev of the first derivative of the equation:
First, using the diff command the solution is found. In a second step, the exact value of the derivative
is shown.

> y(x)=1f(x);
I y(x) ZGZx (51)
> Soln:=diff(£(x), x);
I Soln =2 & (52)
> Ev:= evalf(subs(x=xv, Soln));
Ev:=5961.915974 (5.3)

The next loop calculates the following:

Av: Approximate value of the first derivative using Central Difference Approximation by calling the
procedure "CDD"

Ev: Exact value of the first derivative

Et: True Error

et: Absolute relative true percentage error

Ea: Approximate Error

ea: Absolute relative approximate percentage error

Sig: Least number of correct significant digits in an approximation

(> for i from 0 by 1 to n—1 do




i

N[i]=2:
= h .

N[i]
Av[i] := CDD( f, xv, H[l]) :
Et|i]:=Ev—Av[i]:

et[i] = abs[]i[i]]-lOO:
if (i > 0)then
Eali] = Av[i]—Aav[i—1]:

]

1 Ea[i] ) )
eali] = abS[Av[i}j 100 :

(ea[i] > 0)then

.y eal 1]
Sigli] = floor|2 —1logl0 o :
if Sig[i] <0 then

Sigli]=0":

end if:

end if:
if (eali]=0)then
Sig[i]= Digits:
end if:
end if:

end do:

The loop halves the value of the step size n times. Each time, the approximate value of the derivative

is calculated and saved in a vector. The approximate error is calculated after at least two approximate

values of the derivative have been saved. The number of significant digits is calculated and written as

the lowest real number. If the number of significant digits calculated is less than zero, then is shown
as zero.

V Section 4: Spreadsheet

The next table shows the step size value, approximate value, true error, the absolute relative true
percentage error, the approximate error, the absolute relative approximate percentage error and the
least number of correct significant digits in an approximation as a function of the step size value.

> with(Spread) :

tableoutput = CreateSpreadsheet("Central Divided Difference") :
SetCellFormula(tableoutput, 1, 2, "Step Size") :
SetCellFormula(tableoutput, 1, 3, ”ApproxValue") :
SetCellFormula( tableoutput, , "True Error") :
SetCellFormula(tableoutput, , "Abs Rel True Error") :
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SetCellFormulal tableoutput, "Approx error") :
SetCellFormulal tableoutput, "Abs Rel Approx Error") :
SetCellFormulal tableoutput, "Sig Digits" ) ;
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for i from 0 by 1 to n—1 do
SetCellFormulal tableoutput,
SetCellFormulal tableoutput,
SetCellFormulal tableoutput,

( i+2,1, i+1):
(
(
SetCellFormula(tableoutput,
(
(
(
(

i+2, 2,
i+2, 3,
i+2, 4,
i+2, 5,
i+2, 6,
i+2,7,
i+2, 8,

evalf

(H

(A

evalf(E

SetCellFormulal tableoutput, evalf(e

SetCellFormulal tableoutput, (E

SetCellFormulal tableoutput, (e

SetCellFormulal tableoutput, (S
end do:

EvaluateSpreadsheet(tableoutput):

Central Divided Difference
.. B C D E F G H

"Step Size"

"Approx Value"

"True Error"

"Abs Rel True Error"

"Approx error"

"Abs Rel Approx Error"|

"Sig Digits"

—_

0.2

6122.177130

—160.261156

2.688081427

Ea,

eao

Sig,

(8]

0.1000000000

6001.741645

—39.825671

0.6680012126

—120.435485

2.006675597

3| 0.05000000000

5971.857470

—9.941496

0.1667500187

—29.884175

0.5004167489

4| 0.02500000000

5964.400420

—2.484446

0.04167193920

—7.457050

0.1250259787

5| 0.01250000000

5962.537040

—.621066

0.01041722162

—1.863380

0.03125146205

6| 0.006250000000

5962.071280

—.155306

0.002604967944

—.465760

0.007812050177

(6.1)

V¥ Section 5: Graphs

The following graphs show the approximate solution, absolute relative true error, absolute relative
approximate error and least number of significant digits as a function of step size.

> data:= [seq([H[i], av[i]], i=0..n—1)]:

plot(data, x=H[0]..Hn—1], color=coral, thickness=2, title
= "Approximate Solution of the First Derivative using
Central Difference Approximation as a Function of Step
Size",labels=["8tep Size", "Approximate Value"L titlefont
= [TIMES, BOLD, 12], labelfont=|TIMES, ROMAN, 12]);

data:= [seq([H[i], et[i]], i=0..n—1)]:

plot(data, x=H[0]..H[n—1], color=magenta, thickness=2, title
="Absolute Relative True Percentage Error as a Function of
Step Size",labels=["5tep Size", "Absolute Relative

True Error"|, titlefont=|TIMES, BOLD, 12|, labelfont=[TIMES,
ROMAN, 12]);

data:= |[seq([H[i], eali]], i=0..n—1)]:

plot(data, x=H[0]..H[n—1], color=green, thickness=2, title
="Absolute Relative Approximate Percentage Error as a
Function of Step Size",labels=["Step Size'"™, "Absolute




Relative

Approximate Error "}, titlefont= [TIMES, BOLD, 12], labelfont
= [TIMES, ROMAN, 12]);

data:= [seq([H[i], sigli]], i=0..n—1)]:

plot(data, x=H[0]..Hn—1], color =navy, thickness=2, title
="Least Significant Digits Correct as a Function of Step
Size", labels:["Step size", "Least number of

significant digits"], titlefont= [TIMES, BOLD, 12], labelfont
= [TIMES, ROMAN, 12]);

Approximate Solution of the First Derivative using Central
Difference Approximation as a Function of Step Size
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Absolute Relative True Percentage Error as a Function of Step Size
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Absolute Relative Approximate Percentage Error as a Function of
Step Size
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Least Significant Digits Correct as a Function of Step Size
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V References

L Numerical Differentiation of Continuous Functions.
See http://numericalmethods.eng.usf.edu/mws/gen/02def/mws_gen dif txt continuous.pdf

¥ Questions

1. The velocity of a rocket is given by
140000
t) =2000 1 - 9.8t
Vi) 140000 = 2100 ¢
Use Central Divided Difference method with a step size of 0.25 to find the acceleration at =3s.
Compare with the exact answer and study the effect of the step size.
2. Look at the true error vs. step size data for problem # 1. Do you see a relationship between the

value of the true error and step size ? Is this concidential?

V Conclusions

t Central Difference Approximation is a very accurate method to find the first derivative of a function.
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