Chapter 08.04

Runge-Kutta 4th Order Method for Ordinary
Differential Equations-More Examples

Chemical Engineering

Example 1

The concentration of salt x in a home made soap maker is given as a function of time by

@ =37.5-3.5x
dt

At the initial time, 7 = 0, the salt concentration in the tank is 50 g/ Using Runge-Kutta 4"
order method and a step size of, # =1.5 min, what is the salt concentration after 3 minutes?
Solution

ax =37.5-3.5x

dt
fl(t,x)=37.5-3.5x

X, =X, +%(k1 + 2k, +2k; +k, )b

i+l
Fori=0,1t,=0, x, =50

k, =f(toaxo)
= £(0,50)
=37.5-3.5(50)
=-137.5

1 1
k2 = f(fo +§h,x0 +Ek1hj

_f[0+ 1550+;( 137.5)1.5)

= £(0.75,-53.125)
=37.5-3.5(-53.125)
= 223.44

1 1
k3 = f[to +5h,x0 +Ek2h]

= f(o + %1.5,50 +%(2z3.44)1.5j
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= £(0.75,217.58)
=37.5-3.5(217.58)
= —724.02

ky, = f(t, +h,x, +k;h)
= £(0+1.5,50 + (- 724.03)1.5)
= 1(1.5,-1036.0)
=37.5-3.5(~1036.0)
=3663.6

X, =X, +%(k1 + 2k, + 2k, +k,)h
= 50+%(—137.5 +2(223.44) + 2(— 724.02) + (3663.6))1.5

= 50+%(2525.0)1.5

=681.24 g/L
x, 1s the approximate concentration of salt at
t=t =t,+h=0+15=1.5
x(1.5)~ x, = 681.24 g/L
Fori=1, ¢, =1.5, x, =681.24
ky = f(tpxl)
= 1(1.5,681.24)
=37.5-3.5(681.24)
=-2346.8

1 1
k2 =f(f1 +5h,xl +5klhj

= f(l.s +%1.5, 681.24 +%(— 2346.8)1.5}

= £(2.25,-1078.9)
=37.5-3.5(~1078.9)
=3813.6

1 1
k3 = f(tl +5h,x1 +5k2h]

= f[l.s +%1.5, 681.24 +%(3813.6)1.5J

= 1(2.25,3541.4)
=37.5-3.5(3541.4)
= —12358

k, = £, +h,x, +k,h)
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= f(1.5+1.5,681.24 +(-12358)1.5)
= £(3,-17855)
=37.5-3.5(~17855)

= 62530

X, =X, jté(k1 + 2k, + 2k, +k,)h

= 681.24+%(— 2346.8 +2(3813.6)+ 2(~ 12358) + 62530)1.5

= 681.24 + é(43096)1 5

=11455 g/L
x, is the approximate concentration of salt at
t,=t,+h=15+1.5=3min
x(3)~ x, =11455 g/L

The exact solution of the ordinary differential equation is given by
x(t)=10.714+ 39.286¢ >

The solution to this nonlinear equation at # = 3min is
x(3)=10.715 g/L

Figure 1 compares the exact solution with the numerical solution using Runge-Kutta 4™ order
method using different step sizes.
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Figure 1 Comparison of Runge-Kutta 4™ order method with exact solution for
different step sizes.

Table 1 and Figure 2 show the effect of step size on the value of the calculated temperature at

¢t =3 min.

Table 1 Value of concentration of salt at 3 minutes for different step sizes.

Step size, h x(3) E, le,| %

3 14120 | —14109 131680
1.5 11455 | —-11444 106800
0.75 25.559 | —14.843 138.53
0.375 10.717 | =0.0014969 | 0.013969
0.1875 10.715 | —0.00031657 | 0.0029544
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Figure 2 Effect of step size in Runge-Kutta 4™ order method.

In Figure 3, we are comparing the exact results with Euler’s method (Runge-Kutta 1** order
method), Heun’s method (Runge-Kutta 2" order method) and Runge-Kutta 4™ order method.
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Figure 3 Comparison of Runge-Kutta methods of 1%, 2™, and 4™ order.





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /RelativeColorimetric
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 1
  /Optimize false
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check true
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create Adobe PDF documents best suited for Lulu's printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (None)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName ([High Resolution])
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [612.000 792.000]
>> setpagedevice


